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Preface

OUR GOAL

Fundamentals of Differential Equations and Boundary Value Problems is designed to serve the
needs of a one- or two-semester course in basic theory as well as applications of differential
equations. For this purpose, we have augmented our shorter text by adding Chapter 11, Eigen-
value Problems and Sturm-Liouville Equations; Chapter 12, Stability of Autonomous Sys-
tems; and Chapter 13, Existence and Uniqueness Theory. We have striven to create a flexible
text that affords the instructor substantial latitude in designing a syllabus (sample syllabi are
provided in this preface), in course emphasis (theory, methodology, applications, and numeri-
cal methods), and in using commercially available computer software.

NEW TO THIS EDITION

With this edition we are pleased to feature some new pedagogical and reference tools, as well
as some new projects and discussions that bear upon current issues in the news and in acade-
mia. In brief:

e Inresponse to our colleagues’ perception that many of today’s students’ skills in integra-
tion have gotten rusty by the time they enter the differential equations course, we have
included a new appendix offering a quick review of the methods for integrating func-
tions analytically. We trust that our light overview will prove refreshing (Appendix A,
page A-1).

e A new project models the spread of staph infections in the unlikely setting of a hospital, an
ongoing problem in the health community’s battle to contain and confine dangerous infec-
tious strains in the population (Chapter 5, Project B, page 310 and Chapter 12, Project E,
page 781).

e By including five new sketches of the various eigenfunctions arising from separating vari-
ables in our chapter on partial differential equations (Chapter 10), we are able to visualize
and anticipate the qualitative features mandated by Sturm’s Comparison and Oscillation
theorems in the subsequent chapter (Chapter 11).

* We finesse the abstruseness of generalized eigenvector chain theory with a novel tech-
nique for computing the matrix exponential for defective matrices (Chapter 9, Section 8§,
page 554).

e The rectangular window (or “boxcar function”) has become a standard mathematical tool
in communications industry, the backbone of such schemes as pulse code modulation, etc.
Our revised chapter on Laplace transforms incorporates it to facilitate the analysis of
switching functions for differential equations (Chapter 7, Section 6, page 384).
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* We have added a project presenting a cursory analysis of oil dispersion after a spill,
based roughly on an incident that occurred in the Mississippi River (Chapter 2, Project A,
page 79).

e Even as computer science basks in the limelight as the current “glamour” technology pro-
fession, we unearthed an application of the grande dame of differential equations
techniques—power series—to predict the performance of Quicksort, a machine algorithm
that alphabetizes large lists (Chapter 8, Project A, page 493).

* Closely related to the current interest in hydroponics is our project describing the growth
of phytoplankton by controlling the supply of the necessary nutrients in a chemostat tank
(Chapter 5, Project F, page 316 and Chapter 12, Project F, page 782).

e The basic theorems on linear difference equations closely resemble those for differential
equations (but are easier to prove), so we have included a project exploring this kinship
(Chapter 6, Project D, page 347).

* We conclude our chapter on power series expansions with a tabulation of the historically
significant second-order differential equations, the practical considerations that inspired
them, the mathematicians who analyzed them, and the standard notations for their solu-
tions (Chapter 8, pages 485-486).

Additionally, we have added dozens of new problems and have updated the references to
relevant literature and websites, especially those facilitating the online implementation of
numerical methods.

PREREQUISITES

While some universities make linear algebra a prerequisite for differential equations, many
schools (especially engineering) only require calculus. With this in mind, we have designed the
text so that only Chapter 6 (Theory of Higher-Order Linear Differential Equations) and
Chapter 9 (Matrix Methods for Linear Systems) require more than high school level linear
algebra. Moreover, Chapter 9 contains review sections on matrices and vectors as well as spe-
cific references for the deeper results used from the theory of linear algebra. We have also writ-
ten Chapter 5 so as to give an introduction to systems of differential equations—including
methods of solving, phase plane analysis, applications, numerical procedures, and Poincaré
maps—that does not require a background in linear algebra.

SAMPLE SYLLABI

As a rough guide in designing a two-semester syllabus related to this text, we provide two sam-
ples that can be used for a sequence of two 15-week courses that meet three hours per week. The
first emphasizes applications and computations including phase plane analysis; the second is
designed for courses that place more emphasis on theory. Chapters 1, 2, and 4 provide the core for
the first-semester course. The rest of the chapters are, for the most part, independent of each other.
For students with a background in linear algebra, the instructor may prefer to replace Chapter 7
(Laplace Transforms) or Chapter 8 (Series Solutions of Differential Equations) with sections
from Chapter 9 (Matrix Methods for Linear Systems).
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Methods,
Computations, Theory and Both
Semester I and Applications Methods Semester 11 Courses
Week Sections Sections Week Sections
1 1.1,1.2,1.3 1.1,1.2,1.3 1 9.1,9.2,9.3
2 14,22 14,22,2.3 2 94,9.5
3 2.3,24,3.2 24,2.6 3 9.6,9.7,9.8
4 34,35,3.6 3.2,34,4.1 4 12.1,12.2
5 3.7,4.1 42,43,44 5 12.3,12.4
6 42,43,44 4.5,4.6 6 12.5,12.6
7 4.5,4.6,4.7 47,5.1,5.2 7 12.7,10.2
8 4.8,4.9 53,54 8 10.3, 10.4
9 4.10,5.1,5.2 5.5,6.1 9 10.5, 10.6
10 5.3,54,55 6.2,6.3,64 10 10.7,11.2
11 5.6,5.7 7.2,7.3,74 11 113,114
12 7.2,7.3,74 7.5,7.6 12 11.5,11.6
13 7.5,7.6,7.7 7.7,8.1 13 11.7,11.8
14 8.1,82,83 8.2,83,84 14 13.1,13.2
15 8.4,8.6 8.5,8.6 15 13.3,13.4

RETAINED FEATURES

Most of the material is modular in nature to allow for various course configurations and
emphasis (theory, applications and techniques, and concepts).

The availability of computer packages such as Mathcad®, Mathematica®, MATLAB®, and
Maple™ provides an opportunity for the student to conduct numerical experiments and tackle
realistic applications that give additional insights into the subject. Consequently, we have
inserted several exercises and projects throughout the text that are designed for the student to
employ available software in phase plane analysis, eigenvalue computations, and the numerical
solutions of various equations.

Because of syllabus constraints, some courses will have little or no time for sections (such as
those in Chapters 3 and 5) that exclusively deal with applications. Therefore, we have made the
sections in these chapters independent of each other. To afford the instructor even greater flexi-
bility, we have built in a variety of applications in the exercises for the theoretical sections. In
addition, we have included many projects that deal with such applications.

At the end of each chapter are group projects relating to the material covered in the chapter. A
project might involve a more challenging application, delve deeper into the theory, or introduce
more advanced topics in differential equations. Although these projects can be tackled by an
individual student, classroom testing has shown that working in groups lends a valuable added
dimension to the learning experience. Indeed, it simulates the interactions that take place in the
professional arena.
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Technical Writing
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Historical
Footnotes

Motivating
Problem

Chapter Summary
and Review
Problems

Computer
Graphics

Proofs

LinearTheory

Numerical
Algorithms

Exercises

Optional Sections

Communication skills are, of course, an essential aspect of professional activities. Yet few texts
provide opportunities for the reader to develop these skills. Thus, we have added at the end of
most chapters a set of clearly marked technical writing exercises that invite students to make
documented responses to questions dealing with the concepts in the chapter. In so doing, stu-
dents are encouraged to make comparisons between various methods and to present examples
that support their analysis.

Throughout the text historical footnotes are set off by colored daggers (7). These footnotes typ-
ically provide the name of the person who developed the technique, the date, and the context of
the original research.

Most chapters begin with a discussion of a problem from physics or engineering that motivates
the topic presented and illustrates the methodology.

All of the main chapters contain a set of review problems along with a synopsis of the major
concepts presented.

Most of the figures in the text were generated via computer. Computer graphics not only ensure
greater accuracy in the illustrations, they demonstrate the use of numerical experimentation in
studying the behavior of solutions.

While more pragmatic students may balk at proofs, most instructors regard these justifications
as an essential ingredient in a textbook on differential equations. As with any text at this level,
certain details in the proofs must be omitted. When this occurs, we flag the instance and refer
readers either to a problem in the exercises or to another text. For convenience, the end of a
proof is marked by the symbol (#).

We have developed the theory of linear differential equations in a gradual manner. In Chapter 4
(Linear Second-Order Equations) we first present the basic theory for linear second-order
equations with constant coefficients and discuss various techniques for solving these equations.
Section 4.7 surveys the extension of these ideas to variable-coefficient second-order equations.
A more general and detailed discussion of linear differential equations is given in Chapter 6
(Theory of Higher-Order Linear Differential Equations). For a beginning course emphasizing
methods of solution, the presentation in Chapter 4 may be sufficient and Chapter 6 can be
skipped.

Several numerical methods for approximating solutions to differential equations are presented
along with program outlines that are easily implemented on a computer. These methods are
introduced early in the text so that teachers and/or students can use them for numerical experi-
mentation and for tackling complicated applications. Where appropriate we direct the student
to software packages or web-based applets for implementation of these algorithms.

An abundance of exercises is graduated in difficulty from straightforward, routine problems to
more challenging ones. Deeper theoretical questions, along with applications, usually occur toward
the end of the exercise sets. Throughout the text we have included problems and projects that
require the use of a calculator or computer. These exercises are denoted by the symbol (E3).

These sections can be omitted without affecting the logical development of the material. They
are marked with an asterisk in the table of contents.
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We provide a detailed chapter on Laplace transforms (Chapter 7), since this is a recurring topic
for engineers. Our treatment emphasizes discontinuous forcing terms and includes a section on
the Dirac delta function.

Power series solutions is a topic that occasionally causes student anxiety. Possibly, this is due
to inadequate preparation in calculus where the more subtle subject of convergent series is (fre-
quently) covered at a rapid pace. Our solution has been to provide a graceful initiation into the
theory of power series solutions with an exposition of Taylor polynomial approximants to solu-
tions, deferring the sophisticated issues of convergence to later sections. Unlike many texts,
ours provides an extensive section on the method of Frobenius (Section 8.6) as well as a section
on finding a second linearly independent solution.

While we have given considerable space to power series solutions, we have also taken
great care to accommodate the instructor who only wishes to give a basic introduction to the
topic. An introduction to solving differential equations using power series and the method of
Frobenius can be accomplished by covering the materials in Sections 8.1, 8.2, 8.3, and 8.6.

An introduction to this subject is provided in Chapter 10, which covers the method of separa-
tion of variables, Fourier series, the heat equation, the wave equation, and Laplace’s equation.
Examples in two and three dimensions are included.

Chapter 5 describes how qualitative information for two-dimensional systems can be gleaned
about the solutions to intractable autonomous equations by observing their direction fields and
critical points on the phase plane. With the assistance of suitable software, this approach pro-
vides a refreshing, almost recreational alternative to the traditional analytic methodology as we
discuss applications in nonlinear mechanics, ecosystems, and epidemiology.

Motivation for Chapter 4 on linear differential equations is provided in an introductory section
describing the mass—spring oscillator. We exploit the reader’s familiarity with common vibra-
tory motions to anticipate the exposition of the theoretical and analytical aspects of linear
equations. Not only does this model provide an anchor for the discourse on constant-coefficient
equations, but a liberal interpretation of its features enables us to predict the qualitative behav-
ior of variable-coefficient and nonlinear equations as well.

The chapter on matrix methods for linear systems (Chapter 9) begins with two (optional) intro-
ductory sections reviewing the theory of linear algebraic systems and matrix algebra.

SUPPLEMENTS

By Viktor Maymeskul. Contains complete, worked-out solutions to odd-numbered exer-
cises, providing students with an excellent study tool. ISBN 13: 978-0-321-74834-8;
ISBN 10: 0-321-74834-4.

Contains answers to all even-numbered exercises, detailed solutions to the even-numbered prob-
lems in several of the main chapters, and additional group projects. ISBN 13: 978-0-321-74835-5;
ISBN 10: 0-321-74835-2.

Provides additional resources for both instructors and students, including helpful links keyed to sec-
tions of the text, access to Interactive Differential Equations, suggestions for incorporating Interactive
Differential Equations modules, suggested syllabi, index of applications, and study tips for students.
Access: www.pearsonhighered.com/nagle
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Instructor’s
MATLAB, Maple,
and Mathematica
Manuals

By Thomas W. Polaski (Winthrop University), Bruno Welfert (Arizona State University), and
Maurino Bautista (Rochester Institute of Technology). A collection of worksheets and projects
to aid instructors in integrating computer algebra systems into their courses. Available in the
Pearson Instructor Resource Center, www.pearsonhighered.com/irc.
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CHAPTER 1

Introduction

1. 1 BACKGROUND

In the sciences and engineering, mathematical models are developed to aid in the understanding
of physical phenomena. These models often yield an equation that contains some derivatives
of an unknown function. Such an equation is called a differential equation. Two examples of
models developed in calculus are the free fall of a body and the decay of a radioactive substance.
In the case of free fall, an object is released from a certain height above the ground and
falls under the force of gravity.” Newton’s second law, which states that an object’s mass times
its acceleration equals the total force acting on it, can be applied to the falling object. This
leads to the equation (see Figure 1.1)
o
dr?
where m is the mass of the object, / is the height above the ground, d*h/ds? is its acceleration,
g is the (constant) gravitational acceleration, and —myg is the force due to gravity. This is a differ-
ential equation containing the second derivative of the unknown height % as a function of time.
Fortunately, the above equation is easy to solve for 4. All we have to do is divide by m and
integrate twice with respect to 7. That is,

=—mg,

d’h _
dt2 g’
SO
dh__
g gt + ¢
and
2
—gt
h:h(t): g +C1t+C2

Figure 1.1 Apple in free fall

"We are assuming here that gravity is the only force acting on the object and that this force is constant. More general
models would take into account other forces, such as air resistance.
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We will see that the constants of integration, ¢ and ¢,, are determined if we know the initial
height and the initial velocity of the object. We then have a formula for the height of the object
at time 7.

In the case of radioactive decay (Figure 1.2), we begin from the premise that the rate of
decay is proportional to the amount of radioactive substance present. This leads to the equation

dA
—=—kA , k>0,
dt
where A(>0) is the unknown amount of radioactive substance present at time  and  is the pro-
portionality constant. To solve this differential equation, we rewrite it in the form

1 = —
AdA = —kdt

and integrate to obtain

1 — —
JAdA = J k dt

1nA+C1=—kt+C2

Solving for A yields
A=A() ="t = MO0 = Ce™M

where C is the combination of integration constants ¢~ ', The value of C, as we will see
later, is determined if the initial amount of radioactive substance is given. We then have a for-
mula for the amount of radioactive substance at any future time ¢.

Even though the above examples were easily solved by methods learned in calculus, they do
give us some insight into the study of differential equations in general. First, notice that the solu-
tion of a differential equation is a function, like h(t) or A(f), not merely a number. Second, inte-
gration' is an important tool in solving differential equations (not surprisingly!). Third, we cannot
expect to get a unique solution to a differential equation, since there will be arbitrary “constants
of integration.” The second derivative dh/dt* in the free-fall equation gave rise to two constants,
c; and ¢, and the first derivative in the decay equation gave rise, ultimately, to one constant, C.

Whenever a mathematical model involves the rate of change of one variable with respect
to another, a differential equation is apt to appear. Unfortunately, in contrast to the examples
for free fall and radioactive decay, the differential equation may be very complicated and diffi-
cult to analyze.

Figure 1.2 Radioactive decay

"For a review of integration techniques, see Appendix A.
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Figure 1.3 Schematic for a series RLC circuit

Differential equations arise in a variety of subject areas, including not only the physical sci-

ences but also such diverse fields as economics, medicine, psychology, and operations research.
We now list a few specific examples.

1)

(2)

3

C))

1.

In banking practice, if P(¢) is the number of dollars in a savings bank account that
pays a yearly interest rate of r% compounded continuously, then P satisfies the dif-
ferential equation

dfP—LP tin r
dr 100" o Pmyears.

. A classic application of differential equations is found in the study of an electric cir-

cuit consisting of a resistor, an inductor, and a capacitor driven by an electromotive
force (see Figure 1.3). Here an application of Kirchhoff’s laws' leads to the equation

d’q dg 1
ot - See AT
g TRy e EW

where L is the inductance, R is the resistance, C is the capacitance, E(¢) is the electro-
motive force, ¢(7) is the charge on the capacitor, and ¢ is the time.

. In psychology, one model of the learning of a task involves the equation

dy/dt 2
WP =y Ve

Here the variable y represents the learner’s skill level as a function of time 7. The
constants p and n depend on the individual learner and the nature of the task.

. In the study of vibrating strings and the propagation of waves, we find the partial

differential equation

Fu_ afu_
or? ax> ’

where 7 represents time, x the location along the string, ¢ the wave speed, and u the
displacement of the string, which is a function of time and location.

"We will discuss Kirchhoff’s laws in Section 3.5.

"Historical Footnote: This partial differential equation was first discovered by Jean le Rond d’ Alembert (1717-1783)
in 1747.
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To begin our study of differential equations, we need some common terminology. If an
equation involves the derivative of one variable with respect to another, then the former is
called a dependent variable and the latter an independent variable. Thus, in the equation

2
5 k-0,
dt dt
t is the independent variable and x is the dependent variable. We refer to a and k as coefficients
in equation (5). In the equation

(6) %—%=x—2y,

x and y are independent variables and u is the dependent variable.

A differential equation involving only ordinary derivatives with respect to a single indepen-
dent variable is called an ordinary differential equation. A differential equation involving partial
derivatives with respect to more than one independent variable is a partial differential equation.
Equation (5) is an ordinary differential equation, and equation (6) is a partial differential equation.

The order of a differential equation is the order of the highest-order derivatives present in
the equation. Equation (5) is a second-order equation because d*x/dt* is the highest-order
derivative present. Equation (6) is a first-order equation because only first-order partial deriva-
tives occur.

It will be useful to classify ordinary differential equations as being either linear or nonlin-
ear. Remember that lines (in two dimensions) and planes (in three dimensions) are especially
easy to visualize, when compared to nonlinear objects such as cubic curves or quadric surfaces.
For example, all the points on a line can be found if we know just two of them. Correspond-
ingly, linear differential equations are more amenable to solution than nonlinear ones. Now the
equations for lines ax + by = ¢ and planes ax + by + cz = d have the feature that the variables
appear in additive combinations of their first powers only. By analogy a linear differential
equation is one in which the dependent variable y and its derivatives appear in additive combi-
nations of their first powers.

More precisely, a differential equation is linear if it has the format

d"y dn—ly dy
(7 a,.(x)w + an*l(x)F + -0+ al(x)a + ay(x)y = F(x) ,
where a,(x), a,_1(x), . . ., ay(x) and F(x) depend only on the independent variable x. The addi-

tive combinations are permitted to have multipliers (coefficients) that depend on x; no restric-
tions are made on the nature of this x-dependence. If an ordinary differential equation is not
linear, then we call it nonlinear. For example,

d?y

- 4+ y3 =0

dx?
is a nonlinear second-order ordinary differential equation because of the y* term, whereas

s dx

— /3
=1+
t dr t X
is linear (despite the 7> terms). The equation
dy  dy
— Ty, = Cosx
dx dx

is nonlinear because of the y dy/dx term.
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Although the majority of equations one is likely to encounter in practice fall into the nonlin-
ear category, knowing how to deal with the simpler linear equations is an important first step (just
as tangent lines help our understanding of complicated curves by providing local approximations).

1.1 EXERCISES

In Problems 1-12, a differential equation is given along
with the field or problem area in which it arises. Classify
each as an ordinary differential equation (ODE) or a
partial differential equation (PDE), give the order, and
indicate the independent and dependent variables. If the
equation is an ordinary differential equation, indicate
whether the equation is linear or nonlinear.

d* d
152 ™ o=
dx dx
(Hermite’s equation, quantum-mechanical harmonic
oscillator)
d’x | dx

2. 572+ 4— + 9x = 2 cos 3¢
dt dt

(mechanical vibrations, electrical circuits, seismology)

(Laplace’s equation, potential theory, electricity, heat,
aerodynamics)
dy y(2 — 3x)

" dx x(1 = 3y)

(competition between two species, ecology)

5. % - k(4 — x)(l — x), where k is a constant

(chemical reaction rates)

d 2
6. y[l + <di)c> } = C, where C is a constant

(brachistochrone problem,” calculus of variations)
2

d d
7.V -y 2+ 2 =0
dx dx

(Kidder’s equation, flow of gases through a porous
medium)

10.

11.

12.

“dr

d
L kp(P — p), where k and P are constants

(logistic curve, epidemiology, economics)
d*y

L 8——=x(1 —x)

dx*

(deflection of beams)
d’y dy

=5+ —+x=0
a?de D

(aerodynamics, stress analysis)

2
IN = ﬂ;’ + LoN + kN, where k is a constant
Jat ar r or

(nuclear fission)

d’y dy

—5 = 01(1 —y)—+9 =0

e (1-1%) St

(van der Pol’s equation, triode vacuum tube)

In Problems 13-16, write a differential equation that fits
the physical description.

13.

14.

15.

16.

17.

The rate of change of the population p of bacteria at
time ¢ is proportional to the population at time .

The velocity at time ¢ of a particle moving along a
straight line is proportional to the fourth power of its
position x.

The rate of change in the temperature 7 of coffee at
time ¢ is proportional to the difference between the
temperature M of the air at time ¢ and the tempera-
ture of the coffee at time 7.

The rate of change of the mass A of salt at time 7 is
proportional to the square of the mass of salt present
at time .

Drag Race. Two drivers, Alison and Kevin, are par-
ticipating in a drag race. Beginning from a standing
start, they each proceed with a constant acceleration.
Alison covers the last 1/4 of the distance in 3 sec-
onds, whereas Kevin covers the last 1/3 of the dis-
tance in 4 seconds. Who wins and by how much time?

"Historical Footnote: In 1630 Galileo formulated the brachistochrone problem (BpayioTos = shortest, yporos = time), that is, to determine a
path down which a particle will fall from one given point to another in the shortest time. It was reproposed by John Bernoulli in 1696 and solved by

him the following year.
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1.2 SOLUTIONS AND INITIAL VALUE PROBLEMS

Example 1

Solution

An nth-order ordinary differential equation is an equality relating the independent variable to

the nth derivative (and usually lower-order derivatives as well) of the dependent variable.

Examples are
2d2y

y
X— +tx—+y=x
a? a0

3 (second-order, x independent, y dependent)

d2

1 - <dt;)> —y =0 (second-order, ¢ independent, y dependent)

d*x .

F = xt (fourth-order, f independent, x dependent).
t

Thus, a general form for an nth-order equation with x independent, y dependent, can be
expressed as

dy d"y
(@) F<x’y’dx""’dx” =0,
where F is a function that depends on x, y, and the derivatives of y up to order n; that is, on x,
v, ...,d"y/dx". We assume that the equation holds for all x in an open interval I (a < x < b,

where a or b could be infinite). In many cases we can isolate the highest-order term d"y/dx"
and write equation (1) as

dny f< dy P, 1y>
= x’ b 7’ AR 9
dx" Y dx dx" —1

which is often preferable to (1) for theoretical and computational purposes.

Explicit Solution

Definition 1. A function ¢(x) that when substituted for y in equation (1) [or (2)]
satisfies the equation for all x in the interval / is called an explicit solution to the
equation on /.

2

Show that ¢(x) = x> — x ! is an explicit solution to the linear equation

dy 2
=

3 e y=0,

but ¢(x) = x> is not.

The functions ¢(x) = x> — x 1, ¢'(x) = 2x + x 72, and ¢"(x) = 2 — 2x "~ are defined for all
x # 0. Substitution of ¢(x) for y in equation (3) gives

(2 — 2 %) - %(xz N =@2-n) -2 -nY)=0.
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Solution

Example 3

Solution
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2 1

Since this is valid for any x # 0, the function ¢(x) = x> — x~
(—00, 0) and also on (0, 00).

For (x) = x* we have ¢’ (x) = 3x2, ¢"(x) = 6x, and substitution into (3) gives

is an explicit solution to (3) on

6x—%x3=4x=0,
X

which is valid only at the point x = 0 and not on an interval. Hence {s(x) is not a solution. 4

Show that for any choice of the constants ¢; and c¢,, the function
d(x) = cre ™ + cre®
is an explicit solution to the linear equation
@ Y-y -2w=0.
We compute ¢'(x) = —cje ™ + 2c,¢> and ¢"(x) = cje ™ + 4cye> . Substitution of ¢, ¢,
and ¢" for y, y’, and y” in equation (4) yields
(cre™ + 4ce™) — (—cre™ + 2c0e™) — 2(cie™ + cre™)

=(c; + ¢, — 2¢c))e ™+ (4ey — 265 — 205)e™ =0 .
() 1 1 2 2 2

Since equality holds for all x in (—o0, 00), then ¢(x) = cje ™ + c,e> is an explicit solution to
(4) on the interval (—oo, co) for any choice of the constants c¢; and c,. ¢

As we will see in Chapter 2, the methods for solving differential equations do not always
yield an explicit solution for the equation. We may have to settle for a solution that is defined
implicitly. Consider the following example.

Show that the relation
5) y-x*+8=0
implicitly defines a solution to the nonlinear equation

dy 3x?
© =5
dx 2y

on the interval (2, ).

When we solve (5) for y, we obtainy = +\/x? — 8. Let’s try ¢p(x) = Vx* — 8 to see if it is an

explicit solution. Since d¢p/dx = 3x?/ (2 Vi — 8) , both ¢ and d¢p/dx are defined on (2, 00).
Substituting them into (6) yields

3x2 3x%

2 x3—8_2( x3—8) ’

which is indeed valid for all x in (2, 00). [You can check that ¢s(x) = — Vx> — 8 is also an
explicit solution to (6).] ¢
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Solution

Example 5

Solution
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Implicit Solution

Definition 2. A relation G(x, y) = 0 is said to be an implicit solution to equation (1)
on the interval / if it defines one or more explicit solutions on 1.

Show that
7 x+y+e¥=0

is an implicit solution to the nonlinear equation
d
® 1+ xexy)d—]yc F 14y =0.

First, we observe that we are unable to solve (7) directly for y in terms of x alone. However, for
(7) to hold, we realize that any change in x requires a change in y, so we expect the relation (7)
to define implicitly at least one function y(x). This is difficult to show directly but can be rigor-
ously verified using the implicit function theorem’ of advanced calculus, which guarantees
that such a function y(x) exists that is also differentiable (see Problem 30).

Once we know that y is a differentiable function of x, we can use the technique of implicit
differentiation. Indeed, from (7) we obtain on differentiating with respect to x and applying the
product and chain rules,

d , dy , dy
—_— XY) = _— Xy —_ =
Ty +e”) 1+dx+e<y+xdx 0

or

dy
xy\ Xy —
(1 + xe )dx+1+ye =0,

which is identical to the differential equation (8). Thus, relation (7) is an implicit solution on

some interval guaranteed by the implicit function theorem.

Verify that for every constant C the relation 4x> — y*> = C is an implicit solution to

dy
) v =0,

Graph the solution curves for C = 0, =1, =4. (We call the collection of all such solutions a
one-parameter family of solutions.)

When we implicitly differentiate the equation 4x> — y> = C with respect to x, we find

d
8x—2yay=0,

See Vector Calculus, 5th ed, by J. E. Marsden and A. J. Tromba (Freeman, San Francisco, 2004).
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Figure 1.4 Implicit solutions 4x> — y?> = C

which is equivalent to (9). In Figure 1.4 we have sketched the implicit solutions for C = 0, =1,
*4. The curves are hyperbolas with common asymptotes y = *=2x. Notice that the implicit
solution curves (with C arbitrary) fill the entire plane and are nonintersecting for C # 0. For
C = 0, the implicit solution gives rise to the two explicit solutions y = 2x and y = —2x, both of
which pass through the origin.

For brevity we hereafter use the term solution to mean either an explicit or an implicit
solution.

In the beginning of Section 1.1, we saw that the solution of the second-order free-fall
equation invoked two arbitrary constants of integration c, ¢,:

h(t)=T+c1t+c2,

whereas the solution of the first-order radioactive decay equation contained a single constant C:
Alt) = Ce ™™ |
It is clear that integration of the simple fourth-order equation

d4
oy _,
dx

brings in four undetermined constants:
y(x) = c1x3 + czx2 +ox toey.
It will be shown later in the text that in general the methods for solving nth-order differential

equations evoke n arbitrary constants. In most cases, we will be able to evaluate these constants
if we know n initial values y(x,), y'(xo), . . . , y("f U(xo).
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Initial Value Problem

Definition 3. By an initial value problem for an nth-order differential equation

dy d"y
F<x’y’dx""’dx”> =0,

we mean: Find a solution to the differential equation on an interval / that satisfies at x;
the n initial conditions

y(xo0) = ¥o.»
dy
a(xo) =i
;i ly
dx"ﬂ (XO) = Yn—-1>
where xy € [ and yg, yy, . . ., ¥, are given constants.

In the case of a first-order equation, the initial conditions reduce to the single requirement

y (xo) = Yo
and in the case of a second-order equation, the initial conditions have the form
dy
y(xo) = Yo > a(xo) =) -

The terminology initial conditions comes from mechanics, where the independent variable
x represents time and is customarily symbolized as t. Then if ¢, is the starting time, y(t) = v,
represents the initial location of an object and y'(1,) gives its initial velocity.

Show that ¢(x) = sin x — cos x is a solution to the initial value problem

d% dy

10 — +y=0; 0)=-1, 0)=1.
10 —5+y ¥(0) dx()

Observe that ¢(x) = sin x — cos x, dp/dx = cos x + sinx, and d’p/dx> = —sin x + cos x are
all defined on (—o0, co0). Substituting into the differential equation gives

(—sinx + cosx) + (sinx — cosx) =0 ,

which holds for all x € (—o0, 00). Hence, ¢(x) is a solution to the differential equation in (10)
on (—00, 00). When we check the initial conditions, we find
#(0) =sin0 —cos0 = —1,

¢

0) =cos0+sin0=1,
dx

which meets the requirements of (10). Therefore, ¢(x) is a solution to the given initial value
problem. &
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Example 7 As shown in Example 2, the function ¢(x) = ¢;e ™ + ¢, is a solution to
d’  dy
- - 2y =
dx d

for any choice of the constants ¢; and c,. Determine ¢; and ¢, so that the initial conditions
y
y(0)=2 and —(0) = -3
are satisfied.

Solution  To determine the constants ¢ and ¢, we first compute dp/dx to get dp/dx = —cie ™ + 2ce™.
Substituting in our initial conditions gives the following system of equations:

d(0) =cie’ + e’ =2, cgte =2,
d or
E(b(o) = —c1e" + 2¢,¢ = -3, —c; +2¢c, = -3 .
Adding the last two equations yields 3¢, = —1, so ¢, = —1/3. Since ¢; + ¢, = 2, we find

¢; = 7/3. Hence, the solution to the initial value problem is ¢(x) = (7/3)e ™ — (1/3)e>. *

We now state an existence and uniqueness theorem for first-order initial value problems.
We presume the differential equation has been cast into the format

d
ay =flxy) .

Of course, the right-hand side, f(x, y), must be well defined at the starting value x,, for x and at
the stipulated initial value y, = y(x,) for . The hypotheses of the theorem, moreover, require
continuity of both fand 9f/dy for x in some interval @ < x < b containing x, and for y in some
interval ¢ < y < d containing y,. Notice that the set of points in the xy-plane that satisfy
a <x <bandc <y <d constitutes a rectangle. Figure 1.5 on page 12 depicts this “rectangle
of continuity” with the initial point (x, y) in its interior and a sketch of a portion of the solu-
tion curve contained therein.

Existence and Uniqueness of Solution

Theorem 1. Consider the initial value problem

dy
T =y () = o

If f and 9f/dy are continuous functions in some rectangle

R={(x,y):a<x<b,c<y<d}

that contains the point (xo, yo), then the initial value problem has a unique solution
¢(x) in some interval x, — 8 < x < x, + 8, where 8 is a positive number.
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Figure 1.5 Layout for the existence—uniqueness theorem

The preceding theorem tells us two things. First, when an equation satisfies the hypotheses
of Theorem 1, we are assured that a solution to the initial value problem exists. Naturally, it is
desirable to know whether the equation we are trying to solve actually has a solution before we
spend too much time trying to solve it. Second, when the hypotheses are satisfied, there is a
unique solution to the initial value problem. This uniqueness tells us that if we can find a solu-
tion, then it is the only solution for the initial value problem. Graphically, the theorem says that
there is only one solution curve that passes through the point (x, yo). In other words, for this
first-order equation, two solutions cannot cross anywhere in the rectangle. Notice that the exis-
tence and uniqueness of the solution holds only in some neighborhood (x, — &, x, + &).
Unfortunately, the theorem does not tell us the span (28) of this neighborhood (merely that it is
not zero). Problem 18 elaborates on this feature.

Problem 19 gives an example of an equation with no solution. Problem 29 displays an ini-
tial value problem for which the solution is not unique. Of course, the hypotheses of Theorem 1
are not met for these cases.

When initial value problems are used to model physical phenomena, many practitioners
tacitly presume the conclusions of Theorem 1 to be valid. Indeed, for the initial value problem
to be a reasonable model, we certainly expect it to have a solution, since physically “something
does happen.” Moreover, the solution should be unique in those cases when repetition of the
experiment under identical conditions yields the same results.

The proof of Theorem 1 involves converting the initial value problem into an integral
equation and then using Picard’s method to generate a sequence of successive approximations
that converge to the solution. The conversion to an integral equation and Picard’s method are
discussed in Group Project B at the end of this chapter. A detailed discussion and proof of the
theorem are given in Chapter 13.7

At least this is the case when we are considering a deterministic model, as opposed to a probabilistic model.

TTAll references to Chapters 1113 refer to the expanded text Fundamentals of Differential Equations and Boundary
Value Problems, 6th ed.
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For the initial value problem

dy
an 3 -=x-n', =6,

does Theorem 1 imply the existence of a unique solution?

Dividing by 3 to conform to the statement of the theorem, we identify f(x, y) as (x> — xy*)/3
and df/dy as —xy*. Both of these functions are continuous in any rectangle containing the
point (1, 6), so the hypotheses of Theorem 1 are satisfied. It then follows from the theorem
that the initial value problem (11) has a unique solution in an interval about x = 1 of the form
(1 — 8,1 + &), where & is some positive number. 4

For the initial value problem

(12) ? =3%, 2 =0,

=
does Theorem 1 imply the existence of a unique solution?

Here f(x,y) = 3y2/ 3 and df/dy = 2y_l/ 3. Unfortunately 9f/dy is not continuous or even defined
when y = 0. Consequently, there is no rectangle containing (2, 0) in which both f and df/dy are
continuous. Because the hypotheses of Theorem 1 do not hold, we cannot use Theorem 1 to
determine whether the initial value problem does or does not have a unique solution. It turns out
that this initial value problem has more than one solution. We refer you to Problem 29 and
Group Project G of Chapter 2 for the details. ¢

In Example 9 suppose the initial condition is changed to y(2) = 1. Then, since fand df/dy
are continuous in any rectangle that contains the point (2, 1) but does not intersect the x-axis—
say, R = {(x, y):0<x<10,0<y< 5}—it follows from Theorem 1 that this new initial
value problem has a unique solution in some interval about x = 2.

1.2 EXERCISES

1. (a) Show that y?> + x — 3 = 0 is an implicit solution (c) Show that ¢(x) = x> — x~! is an explicit solu-
to dy/dx = —1/(2y) on the interval (—oo, 3). tion to x’d’y/dx* = 2y on the interval (0, co).
(b) Show that xy* — xy3sin x = 1 is an implicit solu-
tion to ) In Problems 3-8, determine whether the given function is
@ _ (xcosx + sinx — 1)y a solution to the given differential equation.
dx 3(x — xsinx) 3. x=2cost—3sinr, x"+x=0
on the interval (0, 7/2). ) ) d%y )
2. (a) Show that ¢(x) = x? is an explicit solution to 4.y =sinx+x", a2 ty=x+2
dy B dx .
xa—Zy S. x=cos2t, dl—i—tx—stt
on the interval (—oo, c0). v a’0  do 2
. = St =z - = + —
(b) Show that ¢p(x) = e* — x is an explicit solution to 6. 6=2¢e" —e”, dr? 0 dr 30 =2
d 7. y=3sin2x + e *, y' +4y=5¢""
l+y2=eh+(1—2x)ex+x2—l Y rre y2 Y ¢
dx 8 — ,2x _ 3o Q _ @ — 2y =
on the interval (—oo, c0). Iy ¢ a dax
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In Problems 9—13, determine whether the given relation
is an implicit solution to the given differential equation.
Assume that the relationship does define y implicitly as a
Sunction of x and use implicit differentiation.

9.

10.

11.

12.
13.

14.

15.

16.

17.

18.

dy 2xy
—_ = 2 —_— =
y—Iny=x"+1, dxy 1
dy x
2, .2 — —
+ — =
Ty ’ dx y
dy eV —y
xy = x— A —
ePty=x-1, dx e ¥ +x
d
x?—sin(x +y) =1, d%}C:szec(x—i-y)—l
siny +xy—x> =2,
, 6xy' + (y)siny — 2(y')
Y 3x2—y
Show that ¢(x) = ¢, sin x + ¢, cos x is a solution to

d*y/dx* + y = 0 for any choice of the constants ¢,
and c¢,. Thus, ¢; sin x + ¢, cos x is a two-parameter
family of solutions to the differential equation.
Verify that ¢(x) = 2/(1 — ce®), where ¢ is an arbi-
trary constant, is a one-parameter family of solutions to

dy _y(y -2

dx 2 '
Graph the solution curves corresponding to ¢ = 0,
*1, *£2 using the same coordinate axes.
Verify that x> + cy?> = 1, where ¢ is an arbitrary
nonzero constant, is a one-parameter family of
implicit solutions to

dy  xy

de x> —1

and graph several of the solution curves using the
same coordinate axes.

Show that ¢(x) = Ce™ + 1 is a solution to
dy/dx — 3y = —3 for any choice of the constant C.
Thus, Ce™ + 1 is a one-parameter family of solu-
tions to the differential equation. Graph several
of the solution curves using the same coordinate
axes.

Let ¢ > 0. Show that the function ¢(x) =
(® — x»7! is a solution to the initial value prob-
lem dy/dx = 2xy* y(0) = 1/c*, on the interval
—c < x < c¢. Note that this solution becomes
unbounded as x approaches *c. Thus, the solution
exists on the interval (—§, 8) with 6 = ¢, but not for
larger 6. This illustrates that in Theorem 1 the existence

19.

20.

21.

22,

interval can be quite small (if ¢ is small) or quite
large (if ¢ is large). Notice also that there is no clue
from the equation dy/dx = 2xy itself, or from the
initial value, that the solution will “blow up” at
x = *c.

Show that the equation (dy/dx)* + y* + 4 = 0 has
no (real-valued) solution.

Determine for which values of m the function
¢(x) = e™ is a solution to the given equation.

d2y

@ 26D 520
a) —— —_— =
dx? dx Y

dy dy _dy

Determine for which values of m the function
¢(x) = x™ is a solution to the given equation.

d? d
(a) 3x2ﬁ + 11xd—i —3y=0

d’y  dy
b) x*—5 —x——-5y=0
) T Y
Verify that the function ¢(x) = cje* + ce > is a
solution to the linear equation

for any choice of the constants c¢; and c,. Determine
¢y and ¢, so that each of the following initial condi-
tions is satisfied.

@ y(0)=2, y'(0)=1

®) y(1) =1, y(1)=0

In Problems 23-28, determine whether Theorem I implies
that the given initial value problem has a unique solution.

23. —

24.

25.

26.

27.

28.

dx:y4—x4, y(0) =7
%—ty=sm2t, y(m) =5
3x%+4t= , x(2) = —m
%-ﬁ-cosx:sint, x(m) =0
y%zx, y(1)=0
A S U )

dx



29.

30.

(a) For the initial value problem (12) of Example 9,
show that ¢;(x) = 0and ¢,(x) = (x — 2)* are
solutions. Hence, this initial value problem has
multiple solutions. (See also Group Project G in
Chapter 2.)

(b) Does the initial value problem y’' = 3y2/3,
y(0) = 1077, have a unique solution in a neigh-
borhood of x = 0?

Implicit Function Theorem. Let G(x,y) have

continuous first partial derivatives in the rectangle

R = {(x, yia<x<bc<y< d} containing

the point (xo, yo). If G(x¢,yo) = 0 and the partial

derivative Gy(xo, yo) # O, then there exists a differ-
entiable function y = ¢(x), defined in some interval

31.
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The implicit function theorem gives conditions
under which the relationship G(x,y) = 0 defines y
implicitly as a function of x. Use the implicit
function theorem to show that the relationship
x + y + e = 0, given in Example 4, defines y
implicitly as a function of x near the point (0, —1).

Consider the equation of Example 5,
dy
a3 -y
(a) Does Theorem 1 imply the existence of a unique
solution to (13) that satisfies y(x,) = 0?
(b) Show that when x, # 0, equation (13) can’t
possibly have a solution in a neighborhood of
x = x, that satisfies y(x,) = 0.
(¢) Show that there are two distinct solutions to (13)

—4x =0 .

I = (xy— 8,xy+ 8), that satisfies G(x, qb(x)) =0

forallx € I satisfying y(0) = 0 (see Figure 1.4 on page 9).

1.3 DIRECTION FIELDS

The existence and uniqueness theorem discussed in Section 1.2 certainly has great value, but it
stops short of telling us anything about the nature of the solution to a differential equation. For
practical reasons we may need to know the value of the solution at a certain point, or the inter-
vals where the solution is increasing, or the points where the solution attains a maximum value.
Certainly, knowing an explicit representation (a formula) for the solution would be a consider-
able help in answering these questions. However, for many of the differential equations that we
are likely to encounter in real-world applications, it will be impossible to find such a formula.
Moreover, even if we are lucky enough to obtain an implicit solution, using this relationship to
determine an explicit form may be difficult. Thus, we must rely on other methods to analyze or
approximate the solution.

One technique that is useful in visualizing (graphing) the solutions to a first-order differen-
tial equation is to sketch the direction field for the equation. To describe this method, we need
to make a general observation. Namely, a first-order equation

d
=)

specifies a slope at each point in the xy-plane where f is defined. In other words, it gives the direc-
tion that a graph of a solution to the equation must have at each point. Consider, for example, the
equation
d

M Z=x-y.
The graph of a solution to (1) that passes through the point (—2, 1) must have slope (—2)*> — 1 =3
at that point, and a solution through (—1, 1) has zero slope at that point.

A plot of short line segments drawn at various points in the xy-plane showing the slope of
the solution curve there is called a direction field for the differential equation. Because the
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Figure 1.7 (a) Direction field for dy/dx = —2y (b) Direction field for dy/dx = —y/x

direction field gives the “flow of solutions,” it facilitates the drawing of any particular solution
(such as the solution to an initial value problem). In Figure 1.6(a) we have sketched the direc-
tion field for equation (1) and in Figure 1.6(b) have drawn several solution curves in color.

Some other interesting direction field patterns are displayed in Figure 1.7. Depicted in Fig-
ure 1.7(a) is the pattern for the radioactive decay equation dy/dx = —2y (recall that in Section
1.1 we analyzed this equation in the form dA/dt = —kA). From the flow patterns, we can see
that all solutions tend asymptotically to the positive x-axis as x gets larger. In other words, any
material decaying according to this law eventually dwindles to practically nothing. This is con-
sistent with the solution formula we derived earlier,

A=Ce™ ™, or y=Ce ™.
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(a) (®)

Figure 1.8 (a) A solution for dy/dx = —2y (b) A solution for dy/dx = —y/x

From the direction field in Figure 1.7(b), we can anticipate that all solutions to dy/dx =
—y/x also approach the x-axis as x approaches infinity (plus or minus infinity, in fact). But
more interesting is the observation that no solution can make it across the y-axis; |y(x)| “blows
up” as x goes to zero from either direction. Exception: On close examination, it appears the
function y(x) = 0 might just make it through this barrier. As a matter of fact, in Problem 19
you are invited to show that the solutions to this differential equation are given by y = C/x,
with C an arbitrary constant. So they do diverge at x = 0, unless C = 0.

Let’s interpret the existence—uniqueness theorem of Section 1.2 for these direction fields.
For Figure 1.7(a), where dy/dx = f(x,y) = —2y, we select a starting point x, and an initial
value y(xy) = o, as in Figure 1.8(a). Because the right-hand side f(x,y) = —2y is continu-
ously differentiable for all x and y, we can enclose any initial point (xo, y,) in a “rectangle of
continuity.” We conclude that the equation has one and only one solution curve passing through
(x0, o), as depicted in the figure.

For the equation

dy Y
d.x_f(x’y)_ xv

the right-hand side f(x, y) = —y/x does not meet the continuity conditions when x = 0 (i.e., for
points on the y-axis). However, for any nonzero starting value x, and any initial value y(x,) = y,,
we can enclose (x, y,) in a rectangle of continuity that excludes the y-axis, as in Figure 1.8(b).
Thus, we can be assured of one and only one solution curve passing through such a point.

The direction field for the equation

dy
ar =Y

2/3

is intriguing because Example 9 of Section 1.2 showed that the hypotheses of Theorem 1 do
not hold in any rectangle enclosing the initial point xo = 2, yo = 0. Indeed, Problem 29 of
that section demonstrated the violation of uniqueness by exhibiting two solutions, y(x) = 0
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Figure 1.9 (a) Direction field for dy/dx = 3y¥* (b) Solutions for dy/dx = 3y**, y(2) = 0

and y(x) = (x — 2)*, passing through (2, 0). Figure 1.9(a) displays this direction field, and
Figure 1.9(b) demonstrates how both solution curves can successfully “negotiate” this flow
pattern.

Clearly, a sketch of the direction field of a first-order differential equation can be helpful in
visualizing the solutions. However, such a sketch is not sufficient to enable us to trace, unam-
biguously, the solution curve passing through a given initial point (x, y,). If we tried to trace
one of the solution curves in Figure 1.6(b) on page 16, for example, we could easily “slip” over
to an adjacent curve. For nonunique situations like that in Figure 1.9(b), as one negotiates the
flow along the curve y = (x — 2)* and reaches the inflection point, one cannot decide whether
to turn or to (literally) go off on the tangent (y = 0).

The logistic equation for the population p (in thousands) at time 7 of a certain species is given by

d
@ T=p2-p).

(Of course, p is nonnegative. The interpretation of the terms in the logistic equation is discussed in
Section 3.2.) From the direction field sketched in Figure 1.10 on page 19, answer the following:

(a) If the initial population is 3000 [that is, p(0) =3 ], what can you say about the limit-
ing population lim,_, , ., p()?

(b) Can a population of 1000 ever decline to 500?

(¢) Can a population of 1000 ever increase to 3000?

(a) The direction field indicates that all solution curves [other than p(1) = O] will
approach the horizontal line p = 2 as t — +o00; that is, this line is an asymptote for
all positive solutions. Thus, lim,_, ., p(f) = 2.
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Figure 1.10 Direction field for logistic equation

(b) The direction field further shows that populations greater than 2000 will steadily
decrease, whereas those less than 2000 will increase. In particular, a population of
1000 can never decline to 500.

(¢) As mentioned in part (b), a population of 1000 will increase with time. But the direc-
tion field indicates it can never reach 2000 or any larger value; i.e., the solution curve
cannot cross the line p = 2. Indeed, the constant function p(¢) = 2 is a solution to
equation (2), and the uniqueness part of Theorem 1, page 11, precludes intersections
of solution curves. @

Notice that the direction field in Figure 1.10 has the nice feature that the slopes do not
depend on t; that is, the slopes are the same along each horizontal line. The same is true for
Figures 1.8(a) and 1.9. This is the key property of so-called autonomous equations y' = f(y),
where the right-hand side is a function of the dependent variable only. Group Project C, page
32, investigates such equations in more detail.

Hand sketching the direction field for a differential equation is often tedious. Fortunately,
several software programs have been developed to obviate this task’. When hand sketching is
necessary, however, the method of isoclines can be helpful in reducing the work.

The Method of Isoclines
An isocline for the differential equation
v =flxy)

is a set of points in the xy-plane where all the solutions have the same slope dy/dx; thus, it is a
level curve for the function f(x, y). For example, if

A3) y =flay)=x+y,

the isoclines are simply the curves (straight lines) x + y = c ory = —x + ¢. Here c is an arbi-
trary constant. But ¢ can be interpreted as the numerical value of the slope dy/dx of every solu-
tion curve as it crosses the isocline. (Note that c is not the slope of the isocline itself; the latter
is, obviously, —1.) Figure 1.11(a) on page 20 depicts the isoclines for equation (3).

TAn applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, sketches direction
fields and automates most of the differential equation algorithms discussed in this book.
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Figure 1.11 (a) Isoclines for y’ = x + y (b) Direction field fory’ = x + y (c) Solutionstoy’ = x + y

To implement the method of isoclines for sketching direction fields, we draw hash marks
with slope ¢ along the isocline f(x,y) = ¢ for a few selected values of c. If we then erase the
underlying isocline curves, the hash marks constitute a part of the direction field for the differ-
ential equation. Figure 1.11(b) depicts this process for the isoclines shown in Figure 1.11(a),
and Figure 1.11(c) displays some solution curves.

Remark. The isoclines themselves are not always straight lines. For equation (1) at the
beginning of this section (page 15), they are parabolas x> — y = ¢. When the isocline curves are
complicated, this method is not practical.
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1.3 EXERCISES

1. The direction field for dy/dx = 2x + y is shown in
Figure 1.12.

(a) Sketch the solution curve that passes through
(0, —2). From this sketch, write the equation for
the solution.

(b) Sketch the solution curve that passes through
(—1,3).

(c) What can you say about the solution in part (b)
as x — +o00? How about x = —o0?

y
vy = A N N B
[ T N 2 X T I B B B B
VN = A
| T I U A | Figure 1.13 Direction field for dy/dx = 4x/y
[ R N L A
[ AN Y A A and 15. Why is the value v = 8 called the “terminal
RN EERE R e s force < nonl
4. If the viscous force in Problem 3 is nonlinear, a pos-
[ -/ sible model would be provided by the differential
[ T T T B N A equation
[ T T B N — 0 3
[ T O T B NN s dv _ 1 =¥
U T VN o= dt 8

Redraw the direction field in Figure 1.14 to incorpo-
rate this v® dependence. Sketch the solutions with
initial conditions v(O) =0, 1, 2, 3. What is the ter-

Figure 1.12 Direction field for dy/dx = 2x + y

2. The direction field for dy/dx = 4x/y is shown in minal velocity in this case?
Figure 1.13.
(a) Verify that the straight lines y = *2x are solu- v
tion curves, provided x # 0. NN NN NN NN NN
(b) Sketch the solution curve with initial condition
N N N N N N N N N N
y(0) =2, | N
(¢) Sketch the solution curve with initial condition
y2) = 1. P~~~ ======--
(d) What can you say about the behavior of the above 8¢ - - - - - - - - - =
solutions as x — +00? How about x — —co? B T
3. A model for the velocity v at time ¢ of a certain I
object falling under the influence of gravity in a vis- P
Lo . 1
cous medium is given by the equation 4 ;
d'U l v / / / / / / / / / /
dr 8 A A A A A

From the direction field shown in Figure 1.14, sketch J
the solutions with the initial conditions U(O) =5,8, Figure 1.14 Direction field for ?1: =1-
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The logistic equation for the population (in thou-
sands) of a certain species is given by

d

?IZ =3p - Zp2 .

(a) Sketch the direction field by using either a com-
puter software package or the method of iso-
clines.

(b) If the initial population is 3000 [ that is, p(0) =
3], what can you say about the limiting popula-
tion lim,_, , o, p(1)?

(c) If p(0) = 0.8, what is lim,_, ., p(£)?

(d) Can a population of 2000 ever decline to 800?

. Consider the differential equation

dy

=x+siny .
dx Y

(a) A solution curve passes through the point
(1, 7/2). What is its slope at this point?

(b) Argue that every solution curve is increasing for
x> 1.

(¢) Show that the second derivative of every solu-
tion satisfies

dzy

1
=1+ xcosy+ —sin2y .
dx? Y 2 Y

(d) A solution curve passes through (0, 0). Prove
that this curve has a relative minimum at (0, 0).

. Consider the differential equation

dp
2 = rp =12 -p)

for the population p (in thousands) of a certain
species at time 7.

(a) Sketch the direction field by using either a com-
puter software package or the method of isoclines.

(b) If the initial population is 4000 [that is, p(0) =
4], what can you say about the limiting popula-
tion lim,_, , ., p(2)?

(¢) If p(0) = 1.7, what is lim,_, , , p()?

(d) If p(0) = 0.8, what is lim,_, , o, p()?

(e) Can a population of 900 ever increase to 1100?

. The motion of a set of particles moving along the

x-axis is governed by the differential equation
% =P -,

where x(¢) denotes the position at time 7 of the particle.

(a) If a particle is located at x = 1 when ¢ = 2, what
is its velocity at this time?

£310.

(b) Show that the acceleration of a particle is given by
d’x
dar’

(¢) Ifaparticle is located at x = 2 when ¢ = 2.5, can

it reach the location x = 1 at any later time?
[Hint: P—xd=0—-x)E+x+ xz).}

=312 — 357 + 3x° .

. Let ¢(x) denote the solution to the initial value

problem
dy

dx=x—y, y(0)=l.

(a) Show thatp”"(x) = 1 — ¢'(x) = 1 — x + ¢(x).

(b) Argue that the graph of ¢ is decreasing for x
near zero and that as x increases from zero, ¢ (x)
decreases until it crosses the line y = x, where
its derivative is zero.

(c¢) Let x* be the abscissa of the point where the
solution curve y = ¢(x) crosses the line y = x.
Consider the sign of ¢”(x*) and argue that ¢
has a relative minimum at x*.

(d) What can you say about the graph of y = ¢(x)
for x > x*?

(e) Verify that y = x — 1 is a solution to dy/dx =
x — y and explain why the graph of ¢(x) always
stays above the liney = x — 1.

(f) Sketch the direction field for dy/dx = x — y by
using the method of isoclines or a computer
software package.

(g) Sketch the solution y = ¢(x) using the direction
field in part (f).

Use a computer software package to sketch the

direction field for the following differential equa-

tions. Sketch some of the solution curves.

(a) dy/dx = sinx

(b) dy/dx = siny

(¢) dy/dx = sinxsiny
(d) dy/dx = x* + 2y*
(e) dy/dx = x* — 2y?

In Problems 11-16, draw the isoclines with their direction
markers and sketch several solution curves, including the
curve satisfying the given initial conditions.

11.
12.
13.
14.
15.
16.

dyfdx = —x/y , y(0) =4
dyjdx =y, y(0) =1
dy/dx = 2x , y(0) = —1
dyfdx = x[y , y(0) = -1
dyfdx =2x* —y , y(0) =0
dy/dx = x + 2y , y(0) =1



17.

18.

19.

20.

From a sketch of the direction field, what can one
say about the behavior as x approaches +oo of a
solution to the following?

1
L — + —
dx 37y X

From a sketch of the direction field, what can one
say about the behavior as x approaches +oco of a
solution to the following?

dy
a7

By rewriting the differential equation dy/dx = —y/x
in the form

1

ydy = dx
integrate both sides to obtain the solution y = C/x
for an arbitrary constant C.

A bar magnet is often modeled as a magnetic dipole
with one end labeled the north pole N and the oppo-
site end labeled the south pole S. The magnetic field
for the magnetic dipole is symmetric with respect to
rotation about the axis passing lengthwise through
the center of the bar. Hence we can study the mag-
netic field by restricting ourselves to a plane with the
bar magnet centered on the x-axis.

For a point P that is located a distance r from the
origin, where r is much greater than the length of the
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magnet, the magnetic field lines satisfy the differen-
tial equation

dy 3xy
“) =73 2
dx  2x% — y?
and the equipotential lines satisfy the equation
5 b _y-x
©) dx = 3xy

(a) Show that the two families of curves are per-
pendicular where they intersect. [Hint: Con-
sider the slopes of the tangent lines of the two
curves at a point of intersection. ]

N | (b) Sketch the direction field for equation (4) for

—5=x=15,-5=y=5. You can use a soft-
ware package to generate the direction field or
use the method of isoclines. The direction field
should remind you of the experiment where
iron filings are sprinkled on a sheet of paper
that is held above a bar magnet. The iron filings
correspond to the hash marks.

(¢) Use the direction field found in part (b) to help
sketch the magnetic field lines that are solutions
to (4).

(d) Apply the statement of part (a) to the curves in
part (c) to sketch the equipotential lines that are
solutions to (5). The magnetic field lines and
the equipotential lines are examples of orthogo-
nal trajectories. (See Problem 32 in Exercises
2.4, pages 62-63.)"

1.4 THE APPROXIMATION METHOD OF EULER

Euler’s method (or the tangent-line method) is a procedure for constructing approximate solu-
tions to an initial value problem for a first-order differential equation

(1) y = flxy),

y(xo) =X -

It could be described as a “mechanical” or “computerized” implementation of the informal
procedure for hand sketching the solution curve from a picture of the direction field. As
such, we will see that it remains subject to the failing that it may skip across solution curves.
However, under fairly general conditions, iterations of the procedure do converge to true

solutions.

"'Equations (4) and (5) can be solved using the method for homogeneous equations in Section 2.6 (see Exercises 2.6,

Problem 47).
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Figure 1.15 Polygonal-line approximation given by Euler’s method

The method is illustrated in Figure 1.15. Starting at the initial point (xo, y,), we follow the
straight line with slope f(x, yo), the tangent line, for some distance to the point (x;, y;). Then we
reset the slope to the value f(x;,y,) and follow this line to (x,, y,). In this way we construct
polygonal (broken line) approximations to the solution. As we take smaller spacings between
points (and thus employ more points), we may expect to converge to the true solution.

To be more precise, assume that the initial value problem (1) has a unique solution ¢(x) in
some interval centered at x,,. Let & be a fixed positive number (called the step size) and consider
the equally spaced points’

X, =xy + nh, n=012,....

The construction of values y, that approximate the solution values ¢(x,) proceeds as follows.
At the point (x,, y,), the slope of the solution to (1) is given by dy/dx = f(xo, y,). Hence, the
tangent line to the solution curve at the initial point (x, y) is

y =y + (x = x0)f(x0, yo) -

Using this tangent line to approximate ¢(x), we find that for the point x; = x, + h

$(x1) = yi =yo + hf(xp. y0) -

Next, starting at the point (x,, y;), we construct the line with slope given by the direction field
at the point (x,, y;) —that is, with slope equal to f(x,, y;). If we follow this line" [namely,
y=y + (x — x)f(x,, yl)] in stepping from x; to x, = x; + h, we arrive at the approximation

d(x2) = yy=y1 + hflx;,y) -
Repeating the process (as illustrated in Figure 1.15), we get

Plx3) = y3 =y, + hf(x2 1) ,
Pxg) = ys=y; + hf(xs, y3) , ete.

"The symbol = means “is defined to be.”
""Because y, is an approximation to ¢(x;), we cannot assert that this line is tangent to the solution curve y = ¢(x).
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This simple procedure is Euler’s method and can be summarized by the recursive formulas
(2) Xn+1 = Xy +h ’

(3) Yn+1 = In + hf(xn’yn) s n = 09 13 27 U

Use Euler’s method with step size 7 = 0.1 to approximate the solution to the initial value
problem

@y =xVy, y1)=4
at the points x = 1.1, 1.2, 1.3, 1.4, and 1.5.

Here xo = 1,yo =4, h = 0.1, and f(x, y) = x\Vy. Thus, the recursive formula (3) for y, is
Yuer = Y+ hf (6 3) = yu + (0.5, Vy, .
Substituting n = 0, we get
X =xt01=1+01=1.1,
v =yo + (0.1)xgVyp =4+ (0.1)(1)V4 =42 .
Putting n = 1 yields
X=x+01=11+01=12,
vo =y + (0.1)x,Vy, = 42 + (0.1)(1.1) V4.2 ~ 4.42543 .

Continuing in this manner, we obtain the results listed in Table 1.1. For comparison we have
included the exact value (to five decimal places) of the solution ¢(x) = (x> + 7)%/16 to (4),
which can be obtained using separation of variables (see Section 2.2). As one might expect, the
approximation deteriorates as x moves farther away from 1. &

Computations fory’ = x\/;, y(l)=4
Euler’s

n X, Method Exact Value
0 1 4 4

1 1.1 4.2 421276
2 1.2 4.42543 4.45210

3 1.3 4.67787 4.71976
4 1.4 4.95904 5.01760
5 1.5 5.27081 5.34766

Given the initial value problem (1) and a specific point x, how can Euler’s method be used
to approximate ¢(x)? Starting at x,, we can take one giant step that lands on x, or we can take
several smaller steps to arrive at x. If we wish to take N steps, then we set & = (x — x,)/N so
that the step size 4 and the number of steps N are related in a specific way. For example, if
xo = 1.5 and we wish to approximate ¢(2) using 10 steps, then we would take h =
(2 — 1.5)/10 = 0.05. It is expected that the more steps we take, the better will be the approx-
imation. (But keep in mind that more steps mean more computations and hence greater
accumulated roundoff error.)
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Use Euler’s method to find approximations to the solution of the initial value problem

(5) y=y, y0)=1

atx = 1, taking 1, 2, 4, 8, and 16 steps.

Remark. Observe that the solution to (5) is just ¢(x) = e”, so Euler’s method will generate
algebraic approximations to the transcendental number e = 2.71828. . ..

Here f(x,y) =y, x, = 0, and y, = 1. The recursive formula for Euler’s method is

Yn+1 = Yn + hyn = (l + h)yn .

To obtain approximations at x = 1 with N steps, we take the step size h = 1/N. For N = 1, we
have

o) =y =(1+1)(1)=2.
For N = 2, ¢(x,) = ¢(1) = y,. In this case we get

y=(14+05)(1)=15,
d(1) =y, = (1 +0.5)(1.5) =2.25 .

For N = 4, ¢(x4) = ¢(1) = y,, where

yi = (1 +025)(1) =

v = (1 +025)(125) = 15625

vy = (1 + 0.25)(1.5625) = 1.95313 ,
(1) = y, = (1 + 0.25)(1.95313) = 2.44141 .

(In the above computations, we have rounded to five decimal places.) Similarly, taking N = 8
and 16, we obtain even better estimates for ¢(1). These approximations are shown in Table 1.2.
For comparison, Figure 1.16 on page 27 displays the polygonal-line approximations to e* using
Euler’s method with 4 = 1/4 (N = 4) and h = 1/8 (N = 8). Notice that the smaller step size
yields the better approximation. @

Euler’s Method fory' =y, y(0) =1
Approximation
N h for (1) =
1 1.0 2.0
2 0.5 2.25
4 0.25 2.44141
8 0.125 2.56578
16 0.0625 2.63793
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Figure 1.16 Approximations of e* using Euler’s method with & = 1/4 and 1/8

How good (or bad) is Euler’s method? In judging a numerical scheme, we must begin
with two fundamental questions. Does the method converge? And, if so, what is the rate of
convergence? These important issues are discussed in Section 3.6, where improvements in
Euler’s method are introduced (see also Problems 12 and 13 of this section).

Suppose v(¢) satisfies the initial value problem

d_ 5 ,Hp -
i 3—2v7, v0)=2.
By experimenting with Euler’s method, determine to within one decimal place (+0.1) the

value of v(0.2) and the time it will take v() to reach zero.

Determining rigorous estimates of the accuracy of the answers obtained by Euler’s method
can be quite a challenging problem. The common practice is to repeatedly approximate v(0.2)
and the zero crossing, using smaller and smaller values of %, until the digits of the computed
values stabilize at the required accuracy level. For this example, Euler’s algorithm yields the
following values:

h=0.1 v(0.2) = 04380  v(0.3) = 0.0996 v(0.4) = —0.2024
h = 0.05 v(0.2) = 0.6036  v(0.35) = 0.0935 v(0.4) = —0.0574
h = 0.025 1(0.2) = 0.6659 1v(0.375) = 0.0750  v(0.4) = —0.0003
h = 0.0125 1(0.2) = 0.6938
h = 0.00625 v(0.2) = 0.7071

Acknowledging the remote possibility that finer values of 4 might reveal aberrations, we state
with reasonable confidence that v(0.2) = 0.7 + 0.1. The Intermediate Value Theorem would
imply that v(z,) = 0 at some time ¢, satisfying 0.375 < t, < 0.4, if the computations were
perfect; they clearly provide evidence that 7, = 0.4 = 0.1. &
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1.4 EXERCISES

[ In many of the problems below, it will be helpful to have
=" a calculator or computer available.” You may also find it
convenient to write a program for solving initial value
problems using Euler’s method. (Remember, all trigono-
metric calculations are done in radians.)

In Problems 1-4, use Euler’s method to approximate the
solution to the given initial value problem at the points
x = 0.1, 0.2, 0.3, 0.4, and 0.5, using steps of size

0.1 (h =0.1).
1. dy/dx = —x/y , y(0) =4
2. dyfdx=y(2-y), y(0)=3
3. dyf/dx =x+y , y(0) =1
4. dy/dx = x/y , y(0) = —1
5. Use Euler’s method with step size A = 0.1 to

10.

. Use Euler’s method with step size h =

approximate the solution to the initial value problem
y=x—y, y1)=0
at the points x = 1.1, 1.2, 1.3, 1.4, and 1.5.

0.2 to
approximate the solution to the initial value problem

, 1
Y=y () =1
at the points x = 1.2, 1.4, 1.6, and 1.8.

. Use Euler’s method to find approximations to the

solution of the initial value problem

y(0) =0
atx = 1, taking 1, 2, 4, and 8 steps.

y =1-siny,

. Use Euler’s method to find approximations to the

solution of the initial value problem
dx .
g 1+ tsm(tx) ,

atr = 1, taking 1, 2, 4, and 8 steps.

x(0)=0

. Use Euler’s method with 7 = 0.1 to approximate the

solution to the initial value problem

oLy
Y=oy ()=l
x* x
on the interval 1 = x = 2. Compare these approxi-
mations with the actual solution y = —1/x (verify!)

by graphing the polygonal-line approximation and
the actual solution on the same coordinate system.

Use the strategy of Example 3 to find a value of & for
Euler’s method such that y(1) is approximated to
within £0.01, if y(x) satisfies the initial value problem

y=x—y, y0)=0.

11.

12.

13.

14.

Also find, to within =0.05, the value of x; such that
y(xy) = 0.2. Compare your answers with those given
by the actual solution y = ¢ * + x — 1 (verify!).
Graph the polygonal-line approximation and the
actual solution on the same coordinate system.

Use the strategy of Example 3 to find a value of £ for
Euler’s method such that x(1) is approximated to
within =0.01, if x(¢) satisfies the initial value problem

x(0) =0 .

Also find, to within £0.02, the value of ¢, such that
x(ty) = 1. Compare your answers with those given
by the actual solution x = tant (verify!).

In Example 2 we approximated the transcendental
number e by using Euler’s method to solve the initial
value problem

y=y. y0)=1.
Show that the Euler approximation y, obtained by
using the step size 1/n is given by the formula

yn:<1+:l> 5 n=1,2,...

Recall from calculus that

1\”
Iim(1+—] =e¢e,
n—00 n

and hence Euler’s method converges (theoretically)
to the correct value.

Prove that the “rate of convergence” for Euler’s
method in Problem 12 is comparable to 1/n by
showing that

e—y, e

nlggo 1/n 2
[Hint: Use L’Hopital’s rule and the Maclaurin
expansion for In(1 + 7).]
Use Euler’s method with the spacings & = 0.5, 0.1,
0.05, 0.01 to approximate the solution to the initial
value problem

=27, y(0)=1
on the interval 0 = x = 2. (The explanation for the
erratic results lies in Problem 18 of Exercises 1.2.)

Heat Exchange. There are basically two mecha-
nisms by which a physical body exchanges heat with
its environment. The contact heat transfer across the
body’s surface is driven by the difference in the body’s

An applet, maintained on the web at http://alamos.math.arizona.edu/~rychlik/JOde/index.html, automates most of the differential equation algo-
rithms discussed in this book.
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temperature and that of the environment; this is
known as Newton’s law of cooling. However, heat
transfer also occurs due to thermal radiation, which
according to Stefan’s law of radiation is governed by
the difference of the fourth powers of these tempera- 16
tures. In most cases one of these modes dominates the
other. Problems 15 and 16 invite you to simulate each
mode numerically for a given set of initial conditions.

the body is initially at 100° use Euler’s method with
h = 0.1 to approximate the temperature of the body after

(a) 1 minute.
(b) 2 minutes.

. Stefan’s Law of Radiation. Stefan’s law of radia-
tion states that the rate of change in temperature of a
body at 7(r) degrees in a medium at M(¢) degrees is

proportional to M* — T*. That is,
15. Newton’s Law of Cooling. Newton’s law of cool- dT . .
ing states that the rate of change in the temperature =K (M@* = T@)?) ,
7(t) of a body is proportional to the difference
between the temperature of the medium M(¢) and the
temperature of the body. That is,
dr

4 — {m() - 1)) |

where K is a constant. Let K = 1 (min) ! and the tem-
perature of the medium be constant, M(z) = 70°. If

Chapter Summary

In this chapter we introduced some basic terminology for differential equations. The order of a
differential equation is the order of the highest derivative present. The subject of this text is
ordinary differential equations, which involve derivatives with respect to a single independent
variable. Such equations are classified as linear or nonlinear.

An explicit solution of a differential equation is a function of the independent variable that
satisfies the equation on some interval. An implicit solution is a relation between the dependent
and independent variables that implicitly defines a function that is an explicit solution. A differ-
ential equation typically has infinitely many solutions. In contrast, some theorems ensure that a
unique solution exists for certain initial value problems in which one must find a solution to the
differential equation that also satisfies given initial conditions. For an nth-order equation, these
conditions refer to the values of the solution and its first n — 1 derivatives at some point.

Even if one is not successful in finding explicit solutions to a differential equation, several
techniques can be used to help analyze the solutions. One such method for first-order equations
views the differential equation dy/dx = f(x,y) as specifying directions (slopes) at points on
the plane. The conglomerate of such slopes is the direction field for the equation. Knowing the
“flow of solutions” is helpful in sketching the solution to an initial value problem. Further-
more, carrying out this method algebraically leads to numerical approximations to the desired
solution. This numerical process is called Euler’s method.

where K is a constant. Let K = (40)™* and assume
that the medium temperature is constant, M(r) = 70°.
If 7(0) = 100°, use Euler’s method with 4 = 0.1 to
approximate 7(1) and T(2).

TECHNICAL WRITING EXERCISES

1. Select four fields (for example, astronomy, geology, 2. Compare the different types of solutions discussed

biology, and economics) and for each field discuss a
situation in which differential equations are used to
solve a problem. Select examples that are not covered
in Section 1.1.

in this chapter—explicit, implicit, graphical, and
numerical. What are advantages and disadvantages
of each?
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A Taylor Series Method

Euler’s method is based on the fact that the tangent line gives a good local approximation for the
function. But why restrict ourselves to linear approximants when higher-degree polynomial
approximants are available? For example, we can use the Taylor polynomial of degree n about x =
Xo, which is defined by

y" (xo)

P,(x) = y(xo) + y'(xo)(x — x0) + T(x —xo)+ o+ Y

This polynomial is the nth partial sum of the Taylor series representation

o (K
y¥(xo)
;;o k! = o)

To determine the Taylor series for the solution ¢(x) to the initial value problem
dyfdx = f(x,y) . y(xo) = o

we need only determine the values of the derivatives of ¢ (assuming they exist) at x; that is,
&(x0), &' (xp), . . . . The initial condition gives the first value ¢(x,) = yo. Using the equation
y' = f(x,y), we find ¢'(xo) = f(x0, yo). To determine ¢"(x,), we differentiate the equation
y" = f(x, y) implicitly with respect to x to obtain

Cox  dydx  ax  Qdy
and thereby we can compute ¢" (x;).

(a) Compute the Taylor polynomials of degree 4 for the solutions to the given initial value
problems. Use these Taylor polynomials to approximate the solution at x = 1.

d d
(i)d)yc=x—2y; y(0)=1. (ii)d%=y(2—y); y(0) =4 .

(b) Compare the use of Euler’s method with that of the Taylor series to approximate the
solution ¢(x) to the initial value problem

dy . _
a—i—y—cosx—smx, y(0)=2.

Do this by completing Table 1.3 on page 31. Give the approximations for ¢(1) and ¢(3)
to the nearest thousandth. Verify that ¢(x) = cos x + ¢ * and use this formula together
with a calculator or tables to find the exact values of ¢(x) to the nearest thousandth.
Finally, decide which of the first four methods in Table 1.3 will yield the closest
approximation to ¢(10) and give the reasons for your choice. (Remember that the com-
putation of trigonometric functions must be done in the radian mode.)

(c) Compute the Taylor polynomial of degree 6 for the solution to the Airy equation
d%

Y
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TABLE 1.3
Approximation  Approximation

Method of ¢(1) of ¢(3)

Euler’s method using steps of size 0.1

Euler’s method using steps of size 0.01

Taylor polynomial of degree 2

Taylor polynomial of degree 5

Exact value of ¢)(x) to nearest thousandth

with the initial conditions y(0) = 1, y'(0) = 0. Do you see how, in general, the Taylor
series method for an nth-order differential equation will employ each of the n initial
conditions mentioned in Definition 3, Section 1.2?

B Picard’s Method

The initial value problem

M Y@ =rfluy) )=
can be rewritten as an integral equation. This is obtained by integrating both sides of (1) with
respect to x from x = xg to x = x;:

@) fx'y'(x)dx () = ylx) = J

Xo Xo

X1

f (x, y(x)) dx .
Substituting y(xo) = y, and solving for y(x;) gives

@ st =xo+ [ rlest)ar

Xo
If we use ¢ instead of x as the variable of integration, we can let x = x; be the upper limit of
integration. Equation (3) then becomes

X

@ y(x)=y0+J fley(@)ar .

Xo

Equation (4) can be used to generate successive approximations of a solution to (1). Let the
function ¢(x) be an initial guess or approximation of a solution to (1). Then a new approxima-
tion function is given by

X

d1(x) =yp + J f(f’ ¢0(1))df ;

Xo
where we have replaced y(7) by the approximation ¢,(z) in the argument of £ In a similar fashion,
we can use ¢;(x) to generate a new approximation ¢,(x), and so on. In general, we obtain the
(n + 1)st approximation from the relation

P

(5) ¢n+l(x) =JYo + J f(t’ d)n(t))dt .

Xo
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This procedure is called Picard’s method.” Under certain assumptions on f and ¢(x), the
sequence {¢,(x)} is known to converge to a solution to (1). These assumptions and the proof of
convergence are given in Chapter 13.""

Without further information about the solution to (1), it is common practice to take

Po(x) = yo.

(a) Use Picard’s method with ¢y(x) = 1 to obtain the next four successive approximations
of the solution to

© YW=y, y0)=1.

Show that these approximations are just the partial sums of the Maclaurin series for the
actual solution e*.

(b) Use Picard’s method with ¢y(x) = 0 to obtain the next three successive approximations
of the solution to the nonlinear problem

7 Y =3x-[®]?, y0)=0.

Graph these approximations for 0 = x = 1.
(¢) In Problem 29 in Exercises 1.2, we showed that the initial value problem

® YR =3W*, 2 =0

does not have a unique solution. Show that Picard’s method beginning with ¢(x) = 0 con-
verges to the solution y(x) = 0, whereas Picard’s method beginning with ¢o(x) = x — 2
converges to the second solution y(x) = (x — 2)*. [Hint: For the guess ¢o(x) = x — 2,
show that ¢,,(x) has the form ¢, (x — 2)'», where ¢, — 1 and r,, — 3 as n — 00.]

C The Phase Line

Sketching the direction field of a differential equation dy/dt = f(t, y) is particularly easy when
the equation is autonomous—that is, the independent variable ¢ does not appear explicitly:

d
©® S =f0).

In Figure 1.17(a) the graph exhibits the direction field for y’ = —A(y — y;)(y — )y — y3)?
and A > 0, and some solutions are sketched. Note the following properties of the graphs and
explain how they follow from the fact that the equation is autonomous:

(a) The slopes in the direction field are all identical along horizontal lines.
(b) New solutions can be generated from old ones by time shifting [i.e., replacing y(z) with
y(t = 1))

From observation (a) it follows that the entire direction field can be described by a single
direction “line,” as in Figure 1.17(b).

"Historical Footnote: This approximation method is a by-product of the famous Picard-Lindelsf existence theorem
formulated at the end of the 19th century.

TTAIl references to Chapters 11-13 refer to the expanded text Fundamentals of Differential Equations and Boundary
Value Problems, 6th ed.
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(a) (b) (©)

Figure 1.17 Direction field and solutions for an autonomous equation

Of particular interest for autonomous equations are the constant, or equilibrium, solutions
y(t) = y;, i = 1,2, 3. The equilibrium y = y, is called a stable equilibrium, or sink, because the
neighboring solutions are attracted to it as t — oo. Equilibria that repel neighboring solutions,
like y = y,, are known as sources; all other equilibria are called nodes, illustrated by y = yjs.
Sources and nodes are unstable equilibria.

(¢) Describe how equilibria are characterized by the zeros of the function f(y) in equation
(1) and how the sink—source—node distinction can be decided on the basis of the signs
of f(y) on either side of its zeros.

Therefore, the simple phase line depicted in Figure 1.17(c), which indicates with dots and
arrows only the zeros and signs of f(y), is sufficient to describe the nature of the equilibrium
solutions for an autonomous equation.

(d) Sketch the phase line for y’ = (y — 1)(y — 2)(y — 3) and state the nature of its equi-
libria.

(e) Use the phase line for y' = —(y — 1)*3(y — 2)*(y — 3) to predict the asymptotic
behavior as  — oo of the solution satisfying y(0) = 2.1.

(f) Sketch the phase line for y’ = y sin y and state the nature of its equilibria.

(g) Sketch the phase lines for y’ = ysiny + 0.1 and y’ = ysiny — 0.1. Discuss the effect
of the small perturbation =0.1 on the equilibria.

The splitting of the equilibrium at y = O that you observed in part (g) is an illustration of
what is known as bifurcation. The following problem provides a dramatic illustration of the
effects of bifurcation, in the context of a herd-management situation.

(h) When the logistic model, to be discussed in Section 3.2, is applied to the existing data
for the alligator population on the grounds of Kennedy Space Center in Florida, the
following differential equation is derived:

. y(y — 1500)
Y= 3200
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Here y(7) is the population and time ¢ is measured in years. If hunters were allowed to
thin the population at a rate of s alligators per year, the equation would be modified to

. yly = 1500)

3200 5

Draw the phase lines for s = 0, 50, 100, 125, 150, 175, and 200. Discuss the signifi-
cance of the equilibria. Note the bifurcation at s = 175; should a depletion rate near 175
be avoided?




CHAPTER 2
First-Order

Differential Equations

2.1 INTRODUCTION: MOTION OF A FALLING BODY

An object falls through the air toward Earth. Assuming that the only forces acting
on the object are gravity and air resistance, determine the velocity of the object as
a function of time.

Newton’s second law states that force is equal to mass times acceleration. We can express this
by the equation

dv

mo = F,

where F represents the total force on the object, m is the mass of the object, and dv/dt is the
acceleration, expressed as the derivative of velocity with respect to time. It will be convenient
in the future to define v as positive when it is directed downward (as opposed to the analysis in
Section 1.1).

Near Earth’s surface, the force due to gravity is just the weight of the objects and is also
directed downward. This force can be expressed by mg, where g is the acceleration due to grav-
ity. No general law precisely models the air resistance acting on the object, since this force
seems to depend on the velocity of the object, the density of the air, and the shape of the object,
among other things. However, in some instances air resistance can be reasonably represented
by —bv, where b is a positive constant depending on the density of the air and the shape of the
object. We use the negative sign because air resistance is a force that opposes the motion. The
forces acting on the object are depicted in Figure 2.1 on page 36. (Note that we have general-
ized the free-fall model in Section 1.1 by including air resistance.)

Applying Newton’s law, we obtain the first-order differential equation

1) m% =mg — bv .
To solve this equation, we exploit a technique called separation of variables, which was used
to analyze the radioactive decay model in Section 1.1 and will be developed in full detail in
Section 2.2. Treating dv and dr as differentials, we rewrite equation (1) so as to isolate the
variables v and ¢ on opposite sides of the equation:

dv _dr
mg —bv m’

(Hence, the nomenclature “separation of variables.”)

35
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Air resistance -bv
m
Velocity v
G l“(l\"ily mg

Figure 2.1 Forces on falling object

Next we integrate the separated equation

dv  _ |dt
@) J mg —bv J’ m
and derive

1 .
3) bln|mg bv| = p +c.

Therefore,

|mg — bv| = e ~bee ~bifm

or

mg — bv = Ae ~biIm ,

where the new constant A has magnitude e~ % and the same sign (%) as (mg — bv). Solving for
v, we obtain

_ mg A —bt/m
4) V=TT e fm
which is called a general solution to the differential equation because, as we will see in
Section 2.3, every solution to (1) can be expressed in the form given in (4).
In a specific case, we would be given the values of m, g, and b. To determine the constant
A in the general solution, we can use the initial velocity of the object v,. That is, we solve the
initial value problem

dv
m—— =mg — bv , v(0) = vy .
dt 8 ( ) 0
Substituting v = v, and ¢ = 0 into the general solution to the differential equation, we can
solve for A. With this value for A, the solution to the initial value problem is
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v (m/sec)

vo>mg/b, so

object slows down <

mg \
b

V0 <mg /h, SO /

object speeds up \0‘ t (sec)

Figure 2.2 Graph of v(¢) for six different initial velocities vy. (¢ = 9.8 m/sec?, m/b = 5 sec)

The preceding formula gives the velocity of the object falling through the air as a func-
tion of time if the initial velocity of the object is v. In Figure 2.2 we have sketched the graph
of v(¢) for various values of v,. It appears from Figure 2.2 that the velocity v(z) approaches
mg/bregardless of the initial velocity v. [This is easy to see from formula (5) by letting
t — +oo.] The constant mg/b is referred to as the limiting or terminal velocity of the
object.

From this model for a falling body, we can make certain observations. Because e
rapidly tends to zero, the velocity is approximately the weight, mg, divided by the coeffi-
cient of air resistance, b. Thus, in the presence of air resistance, the heavier the object, the
faster it will fall, assuming shapes and sizes are the same. Also, when air resistance is less-
ened (b is made smaller), the object will fall faster. These observations certainly agree with
our experience.

Many other physical problems,” when formulated mathematically, lead to first-order dif-
ferential equations or initial value problems. Several of these are discussed in Chapter 3. In this
chapter we learn how to recognize and obtain solutions for some special types of first-order
equations. We begin by studying separable equations, then linear equations, and then exact
equations. The methods for solving these are the most basic. In the last two sections, we illus-
trate how devices such as integrating factors, substitutions, and transformations can be used to
transform certain equations into either separable, exact, or linear equations that we can solve.
Through our discussion of these special types of equations, you will gain insight into the
behavior of solutions to more general equations and the possible difficulties in finding these
solutions.

A word of warning is in order: In solving differential equations, integration plays an essen-
tial role. In particular, the separable equations in Section 2.2 always entail integration, as
demonstrated in equations (2) and (3) above. For your convenience, Appendix A reviews three
standard techniques for integrating the functions encountered in this text.

—bt/m

"The physical problem just discussed has other mathematical models. For example, one could take into account the
variations in the gravitational field of Earth and the more general equations for air resistance.
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2.2 SEPARABLE EQUATIONS

A simple class of first-order differential equations that can be solved using integration is the
class of separable equations. These are equations

d
=y,

that can be rewritten to isolate the variables x and y (together with their differentials dx and dy)
on opposite sides of the equation, as in

h(y)dy = g(x)dx .
So the original right-hand side f(x, y) must have the factored form
1
floy) =glx)—= .
h(y)
More formally, we write p(y) = 1/h(y) and present the following definition.

Separable Equation

Definition 1. If the right-hand side of the equation
dy
a - f (-x’ y )

can be expressed as a function g(x) that depends only on x times a function p(y) that
depends only on y, then the differential equation is called separable.’

In other words, a first-order equation is separable if it can be written in the form
dy
2 = gxn(y) .
For example, the equation
dy 2x+xy
e y*+1
is separable, since (if one is sufficiently alert to detect the factorization)
2x + xy 2+y ()p(y)
=x = glx .
v+l v+l SWPLY
However, the equation

dy
a =1+xy
admits no such factorization of the right-hand side and so is not separable.
Informally speaking, one solves separable equations by performing the separation and
then integrating each side.

"Historical Foomote: A procedure for solving separable equations was discovered implicitly by Gottfried Leibniz in
1691. The explicit technique called separation of variables was formalized by John Bernoulli in 1694.
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Method for Solving Separable Equations

To solve the equation

) o = 80p(y)

multiply by dx and by h(y) == 1/p(y) to obtain
h(y)dy = glx)dx .
Then integrate both sides:
[ty = [etar
3) H(y) = Glx) + C ,

where we have merged the two constants of integration into a single symbol C. The last
equation gives an implicit solution to the differential equation.

Caution: Constant functions y = c¢ such that p(c) = 0 are also solutions to (2), which may
or may not be included in (3) (as we shall see in Example 3).

We will look at the mathematical justification of this “streamlined” procedure shortly, but
first we study some examples.

Solve the nonlinear equation
dy x-—5
ax

Following the streamlined approach, we separate the variables and rewrite the equation in the form
yrdy = (x — 5)dx .

Integrating, we have

Jyzdy = J(x — 5)dx

3 2
ry_r _
35 5x + C,

and solving this last equation for y gives

2 1/3
y = <3§— 15x+3C> .

Since C is a constant of integration that can be any real number, 3C can also be any real num-
ber. Replacing 3C by the single symbol K, we then have

2 1/3
y=<3)2C—15x+K> .

If we wish to abide by the custom of letting C represent an arbitrary constant, we can go one
step further and use C instead of K in the final answer. This solution family is graphed in
Figure 2.3 on page 40. &

As Example 1 attests, separable equations are among the easiest to solve. However, the
procedure does require a facility for computing integrals. Many of the procedures to be dis-
cussed in the text also require a familiarity with the techniques of integration. For this reason
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Example 2

Solution

Figure 2.3 Family of solutions for Example 1"

we have provided a review of integration methods in Appendix A and a brief table of integrals
on the inside front cover.

Solve the initial value problem

dy y-—1
—= y(=1)

dx  x+3° =0

C))

Separating the variables and integrating gives

dy  dx
yj_x+3’

dy dx
Jy—lZanLS’

5 Inly—1]

In|x+3|+C.

At this point, we can either solve for y explicitly (retaining the constant C) or use the initial
condition to determine C and then solve explicitly for y. Let’s try the first approach.
Exponentiating equation (5), we have

Ml = I +3HC = Colnfxt3)

(6) |y—1|=ec|x+3|=C1|x+3|,

where C; = ¢C."" Now, depending on the values of y, we have |y — 1| = =(y — 1); and
similarly, |x + 3| = =(x + 3). Thus, (6) can be written as

y—l=iC1(x+3) or y=1iC1(x+3),

"The gaps in the curves reflect the fact that in the original differential equation, y appears in the denominator, so that
y = 0 must be excluded.

"Recall that the symbol := means “is defined to be.”
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where the choice of sign depends (as we said) on the values of x and y. Because C is a positive
constant (recall that C; = ¢“ > 0), we can replace =C; by K, where K now represents an
arbitrary nonzero constant. We then obtain

7 y=1+Kx+3).

Finally, we determine K such that the initial condition y(—1) = 0 is satisfied. Putting x = —1
and y = 0 in equation (7) gives

0=1+K(-1+3)=1+2K,

and so K = —1/2. Thus, the solution to the initial value problem is

1 1
6)) y=1—§(x+3)=—§(x+l).

Alternative Approach. The second approach is to first setx = —1 and y = 0 in equation (5)
and solve for C. In this case, we obtain
In|0—1|=In|-1+3]+C,
O=Inl=mlh2+C,
and so C = —In 2. Thus, from (5), the solution y is given implicitly by
In(1—y)=In(x+3)—In2.

Here we have replaced |y — 1| by 1 — yand |x + 3| by x + 3, since we are interested in x and y near
the initial values x = —1, y = 0 (for such values, y — 1 < 0 and x + 3 > 0). Solving for y, we find

In(1 = y) = In(x + 3) —1n2=1n<x;3> ,

x+3
1—y= >
1 1
y=1—§(x+3)= —E(x-l—l),

which agrees with the solution (8) found by the first method. @

Solve the nonlinear equation

dy 6x° —2x + 1

9) .
dx cosy + e

Separating variables and integrating, we find
(cosy + e*)dy = (6x° — 2x + 1)dx ,
J(cosy + ¢)dy = J(6x5 —2x + 1)dx ,

siny +e’ =x*—x*+x+C.

At this point, we reach an impasse. We would like to solve for y explicitly, but we cannot. This is
often the case in solving nonlinear first-order equations. Consequently, when we say “solve the equa-
tion,” we must on occasion be content if only an implicit form of the solution has been found.

The separation of variables technique, as well as several other techniques discussed in this
book, entails rewriting a differential equation by performing certain algebraic operations on it.
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“Rewriting dy/dx = g(x)p(y) as h(y)dy = g(x)dx” amounts to dividing both sides by p(y).
You may recall from your algebra days that doing this can be treacherous. For example, the
equation x(x — 2) = 4(x — 2) has two solutions: x = 2 and x = 4. But if we “rewrite” the
equation as x = 4 by dividing both sides by (x — 2), we lose track of the root x = 2. Thus, we
should record the zeros of (x — 2) itself before dividing by this factor.

By the same token we must take note of the zeros of p(y) in the separable equation
dy/dx = g(x)p(y) prior to dividing. After all, if (say) g(x)p(y) = (x — 2)*(y — 13), then
observe that the constant function y(x) = 13 solves the differential equation dy/dx = g(x)p(y):

@_d(ls)_
dc  dx

gbp(y) = (x =213 = 13) = 0 .
Indeed, in solving the equation of Example 2,

d_y-1
de  x+3°

we obtained y = 1 + K(x + 3) as the set of solutions, where K was a nonzero constant (since
K replaced *¢©). But notice that the constant function y = 1 (which in this case corresponds
to K = 0) is also a solution to the differential equation. The reason we lost this solution can be
traced back to a division by y — 1 in the separation process. (See Problem 30 for an example of
where a solution is lost and cannot be retrieved by setting the constant K = 0.)

Formal Justification of Method

We close this section by reviewing the separation of variables procedure in a more rigorous
framework. The original differential equation (2) is rewritten in the form

10 h(y) =8l ,

where h(y):=1/p(y). Letting H(y) and G(x) denote antiderivatives (indefinite integrals) of
h(y) and g(x), respectively—that is,

H(y)=h(y), G =gk,
we recast equation (10) as

TS =)

By the chain rule for differentiation, the left-hand side is the derivative of the composite
function H (y(x)) :
d , dy
aH(Y(x)) =H (Y(x))a :

Thus, if y(x) is a solution to equation (2), then H (y(x)) and G(x) are two functions of x that
have the same derivative. Therefore, they differ by a constant:
1) H(y)=GW) +C.

Equation (11) agrees with equation (3), which was derived informally, and we have thus
verified that the latter can be used to construct implicit solutions.



2.2 EXERCISES

In Problems 1-6, determine whether the given differen-
tial equation is separable.

1.%—Sin(x+y)=0 2.ji=4y2—3y+1
3. % = tIn(s¥) + 82 4. % - xy:j:yz
5. (xy* + 3y})dy — 2xdx = 0
6. s>+ % =3 ::t !
In Problems 7—-16, solve the equation.
7.%=3xt2 8. xig=y13
9.2:2\/‘7 10.%= 1
yVI1+x xe
2
11.%:186:){2 12. x%:%j“z
13. % - X =x 14. % = 3x%(1 + y»)*?

15. y 'dy + ye®*sinxdx = 0
16. (x + xy?)dx + exzy dy =0

In Problems 17-26, solve the initial value problem.
17. y = x*(1 — y) , y(0)=3

d
18. c% = (1 + y?)tanx , y(0) = V3
d
19. 22 N\ T lcosx,  ym =0
2 dx
dy 45 — x — 2
27: — =
200 = T e D=
1 dy  ysinf B
21 -y y(m) =1
22. x2dx + 2ydy =0, y(0)=2
d
23. f‘% = 2cosly ,  y(0) = /4
dy _ 3 —2y _
24, dx—Sxe , y(1)=0
dy _ _
25.dx—x(1+y), y(O)—3
26. Vydx + (1 +x)dy=0, y(0)=1

Section 2.2 Separable Equations 43

27. Solutions Not Expressible in Terms of Elemen-
tary Functions. As discussed in calculus, certain
indefinite integrals (antiderivatives) such as [ e dx
cannot be expressed in finite terms using elementary
functions. When such an integral is encountered while
solving a differential equation, it is often helpful to use
definite integration (integrals with variable upper
limit). For example, consider the initial value problem

dy_x22 —
dx—ey, y(2)—1.

The differential equation separates if we divide by y*
and multiply by dx. We integrate the separated equa-
tion from x = 2 to x = x; and find

xX=x; ) X=X dy
J e dx = J -
x=2 x=2 Y

1 xX=x;

y

x=2

1 1

+—.

yi)  y(2)

If we let ¢ be the variable of integration and replace
x; by x and y(2) by 1, then we can express the solu-
tion to the initial value problem by

W) = <1 - Eaia)' .

Use definite integration to find an explicit solution to

the initial value problems in parts (a)—(c).

(@) dy/dx=e¢*, y(0)=0

() dyfdx = ey 2, y(0)=1

(¢) dy/dx =1+ sinx (1 +y?), y(0)=1

[ (d) Use a numerical integration algorithm (such as

Simpson’s rule, described in Appendix C) to
approximate the solution to part (b) at x = 0.5 to
three decimal places.

28. Sketch the solution to the initial value problem

dy
G-y y0)=3

and determine its maximum value.

29. Uniqueness Questions. In Chapter 1 we indicated
that in applications most initial value problems will
have a unique solution. In fact, the existence of unique
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30.

31.
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solutions was so important that we stated an exis-
tence and uniqueness theorem, Theorem 1, page 11.
The method for separable equations can give us a
solution, but it may not give us all the solutions (also
see Problem 30). To illustrate this, consider the
equation dy/dx = y'.

(a) Use the method of separation of variables to

show that

3/2
Sy

is a solution.

(b) Show that the initial value problem dy/dx =
'3 with y(0) = 0 is satisfied for C = 0 by
y = (2x/3)2 for x = 0.

(¢) Now show that the constant function y = 0 also
satisfies the initial value problem given in part
(b). Hence, this initial value problem does not
have a unique solution.

(d) Finally, show that the conditions of Theorem 1
on page 11 are not satisfied.

(The solution y = 0 was lost because of the division
by zero in the separation process.)

As stated in this section, the separation of equation
(2) on page 39 requires division by p(y), and this
may disguise the fact that the roots of the equation
p(y) =0 are actually constant solutions to the differ-
ential equation.

(a) To explore this further, separate the equation

d
2= =3+ R

to derive the solution,
y=—-1+x*6—-x+C)7.

(b) Show that y = —1 satisfies the original equation
dy/dx = (x — 3)(y + 122.

(¢) Show that there is no choice of the constant C
that will make the solution in part (a) yield the

solution y = —1. Thus, we lost the solution
y = —1 when we divided by (y + 1)%2.

Interval of Definition. By looking at an initial

value problem dy/dx = f(x, y) with y(x,) = vy, it is

not always possible to determine the domain of the

solution y(x) or the interval over which the function

y(x) satisfies the differential equation.

(a) Solve the equation dy/dx = xy>.

(b) Give explicitly the solutions to the initial
value problem with y(0) = 1; y(0) = 1/2;
y(0) = 2.

32.

33.

(¢) Determine the domains of the solutions in part (b).

(d) As found in part (c), the domains of the solu-
tions depend on the initial conditions. For the ini-
tial value problem dy/dx = xy* with y(0) = a,
a > 0, show that as a approaches zero from the
right the domain approaches the whole real line
(—00, o) and as a approaches + oo the domain
shrinks to a single point.

(e) Sketch the solutions to the initial value problem
dy/dx = xy* with y(0) = a fora = *1/2, +1,
and *2.

Analyze the solution y = ¢(x) to the initial value
problem

dy )

A — + = 1.

e 3y+2, y0)=15

using approximation methods and then compare with
its exact form as follows.

(a) Sketch the direction field of the differential
equation and use it to guess the value of
1imx—>oo ¢(x)

(b) Use Euler’s method with a step size of 0.1 to
find an approximation of ¢(1).

(¢) Find a formula for ¢(x) and graph ¢(x) on the
direction field from part (a).

(d) What is the exact value of ¢(1)? Compare with
your approximation in part (b).

(e) Using the exact solution obtained in part (c),
determine lim,_,, ¢(x) and compare with your
guess in part (a).

Mixing. Suppose a brine containing 0.3 kilogram

(kg) of salt per liter (L) runs into a tank initially

filled with 400 L of water containing 2 kg of salt. If

the brine enters at 10 L/min, the mixture is kept uni-
form by stirring, and the mixture flows out at the

same rate. Find the mass of salt in the tank after 10

min (see Figure 2.4). [Hint: Let A denote the number

of kilograms of salt in the tank at ¢ min after the
process begins and use the fact that

rate of increase in A = rate of input — rate of exit.

A further discussion of mixing problems is given in
Section 3.2.]

10 L/min — A1)
0.3 kg/L
400 L
A0)=2kg 10 L/min

Figure 2.4 Schematic representation of a mixing problem
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Newton’s Law of Cooling. According to New-

ton’s law of cooling, if an object at temperature 7 is

immersed in a medium having the constant tempera-
ture M, then the rate of change of T is proportional to
the difference of temperature M — T. This gives the
differential equation

dr/dt = k(M - T) .

(a) Solve the differential equation for T.

(b) A thermometer reading 100°F is placed in a
medium having a constant temperature of 70°F.
After 6 min, the thermometer reads 80°F. What
is the reading after 20 min?

(Further applications of Newton’s law of cooling
appear in Section 3.3.)

Blood plasma is stored at 40°F. Before the plasma
can be used, it must be at 90°F. When the plasma is
placed in an oven at 120°F, it takes 45 min for the
plasma to warm to 90°F. Assume Newton’s law of
cooling (Problem 34) applies. How long will it take
for the plasma to warm to 90°F if the oven tempera-
ture is set at (a) 100°F, (b) 140°F, and (c¢) 80°F?

A pot of boiling water at 100°C is removed from a
stove at time # = 0 and left to cool in the kitchen. After
5 min, the water temperature has decreased to 80°C,
and another 5 min later it has dropped to 65°C. Assum-
ing Newton’s law of cooling (Problem 34) applies,
determine the (constant) temperature of the kitchen.

Compound Interest. If P(¢) is the amount of dol-
lars in a savings bank account that pays a yearly
interest rate of r% compounded continuously, then

ar _ r_

= P s

— tin years.
dt 100

Assume the interest is 5% annually, P(0) = $1000,
and no monies are withdrawn.

(a) How much will be in the account after 2 yr?

(b) When will the account reach $4000?

(¢) If $1000 is added to the account every 12
months, how much will be in the account after
3% yr?

Free Fall. In Section 2.1, we discussed a model for

an object falling toward Earth. Assuming that only air

resistance and gravity are acting on the object, we

found that the velocity v must satisfy the equation

dv
m——=mg — bv ,

dt
where m is the mass, g is the acceleration due to
gravity, and b > 0 is a constant (see Figure 2.1).

39.

40.
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If m = 100 kg, g = 9.8 m/sec?, b = 5 kg/sec, and
v(0) = 10 m/sec, solve for v(¢). What is the limit-
ing (i.e., terminal) velocity of the object?

Grand Prix Race. Driver A had been leading
archrival B for a while by a steady 3 miles. Only 2
miles from the finish, driver A ran out of gas and
decelerated thereafter at a rate proportional to the
square of his remaining speed. One mile later, driver
A’s speed was exactly halved. If driver B’s speed
remained constant, who won the race?

The atmospheric pressure (force per unit area) on a
surface at an altitude z is due to the weight of the
column of air situated above the surface. Therefore,
the difference in air pressure p between the top and
bottom of a cylindrical volume element of height Az
and cross-section area A equals the weight of the air
enclosed (density p times volume V = AAz times
gravity g), per unit area:

plz + Az) — plz) = —w = —p(z)gAz.

Let Az—0 to derive the differential equation
dp/dz = —pg. To analyze this further we must pos-
tulate a formula that relates pressure and density. The
perfect gas law relates pressure, volume, mass m, and
absolute temperature T according to pV = mRT/M,
where R is the universal gas constant and M is the
molar mass of the air. Therefore, density and pressure
are related by p := m/V = Mp/RT.
. . dp Mg .
(a) Derive the equation & = “®r? and solve it
for the “isothermal” case where T is constant
to obtain the barometric pressure equation
p(2)= plz) expl—Mg(z—zo) /RT].
(b) If the temperature also varies with altitude
T = T(z), derive the solution

z

p(2) = plz0) eXp{ —%J Tglj)}

20

(¢) Suppose an engineer measures the barometric
pressure at the top of a building to be 99,000 Pa
(pascals), and 101,000 Pa at the base (z = z,).
If the absolute temperature varies as
T(z) = 288 — 0.0065(z — z;), determine the
height of the building. Take R = 8.31 N-m/mol-K,
M = 0.029 kg/mol, and g = 9.8 m/sec’. (An
amusing story concerning this problem can be
found at http://www.snopes.com/college/exam/
barometer.asp)
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2.3 LINEAR EQUATIONS

A type of first-order differential equation that occurs frequently in applications is the linear
equation. Recall from Section 1.1 that a linear first-order equation is an equation that can be
expressed in the form

dy

M alx)y o+ alxly =bx) ,

where a;(x), ay(x), and b(x) depend only on the independent variable x, not on y.
For example, the equation

d

x%sinx — (cos x)y = (sin x)l

dx

is linear, because it can be rewritten in the form

d
(sin x)ay + (cosx)y = x

sinx .

However, the equation

dy o5
ydx+(smx)y =e'+ 1

is not linear; it cannot be put in the form of equation (1) due to the presence of the y* and
y dy/dx terms.

There are two situations for which the solution of a linear differential equation is quite
immediate. The first arises if the coefficient a,(x) is identically zero, for then equation (1) reduces to

dy _

@ al) =0bk),

which is equivalent to

y(x) = J’b(x) dx + C

al(x)

[as long as a;(x) is not zero .

The second is less trivial. Note that if ay(x) happens to equal the derivative of a,(x)—that
is, ag(x) = a)(x) —then the two terms on the left-hand side of equation (1) simply comprise the
derivative of the product a;(x)y:

axly’ + oy = @y + ailely = = [ay ()]

Therefore equation (1) becomes

@ Llaly] = o0
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and the solution is again elementary:

a(x)y = Jb(x)dx e

y(x) = L { Jb(x)dx +C

al(x)

One can seldom rewrite a linear differential equation so that it reduces to a form as simple
as (2). However, the form (3) can be achieved through multiplication of the original equation
(1) by a well-chosen function u(x). Such a function u(x) is then called an “integrating factor”
for equation (1). The easiest way to see this is first to divide the original equation (1) by a;(x)
and put it into standard form

@ g Py =0k,

where P(x) = ay(x)/a;(x) and Q(x) = b(x)/a,(x).
Next we wish to determine w(x) so that the left-hand side of the multiplied equation

& aD + pWP)y = o)

is just the derivative of the product wu(x)y:

W) D+ pleIPly = 5 [uley] = pl)e + wx)y

Clearly, this requires that w satisfy
(6) p' =P

To find such a function, we recognize that equation (6) is a separable differential equation,
which we can write as (1/u)du = P(x)dx. Integrating both sides gives

M ) = e

With this choice’ for u(x), equation (5) becomes

d
Sluly] = po) .
which has the solution

I
)] y(x) = M(x)

[nowar + c

Here C is an arbitrary constant, so (8) gives a one-parameter family of solutions to (4). This
form is known as the general solution to (4).

TAny choice of the integration constant in [P(x)dx will produce a suitable u(x).
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Example 1

Solution

We can summarize the method for solving linear equations as follows.

Method for Solving Linear Equations

(a) Write the equation in the standard form

@4 Py = 0

(b) Calculate the integrating factor u(x) by the formula

u(x) = exp U P(x)dx] .

(¢) Multiply the equation in standard form by u(x) and, recalling that the left-hand

S d .
side is just - [ w(x)y ], obtain

w2+ PRy = w0 .
dluy] = wlek .

(d) Integrate the last equation and solve for y by dividing by u(x) to obtain (8).

Find the general solution to

ldy 2
© 2 reesx, x>0,
xdx x

To put this linear equation in standard form, we multiply by x to obtain
dy )

2
(10) Ir ) T Xcosx.

Here P(x) = —2/x, so

JP(x)dx = f_xzdx = —2In|x| .
Thus, an integrating factor is

,U’(x) — 8721n|x\ — eln(xfz) — )C72 )

Multiplying equation (10) by w(x) yields

dy

2% 5 -3

o 2x "y =cosx ,

——
i(x_zy) = COSX .

dx
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We now integrate both sides and solve for y to find

x 2y = Jcosxdxz sinx + C

1) y = x’sinx + Cx? .

It is easily checked that this solution is valid for all x > 0. In Figure 2.5 we have sketched solu-
tions for various values of the constant C'in (11). @

y

100 +

-100 T

=200 T

Figure 2.5 Graph of y = x%sin x + Cx? for five values of the constant C

In the next example, we encounter a linear equation that arises in the study of the radioac-
tive decay of an isotope.

A rock contains two radioactive isotopes, RA| and RA,, that belong to the same radioactive
series; that is, RA| decays into RA,, which then decays into stable atoms. Assume that the rate
at which RA, decays into RA, is 50e ' kg/sec. Because the rate of decay of RA, is propor-
tional to the mass y(r) of RA, present, the rate of change in RA, is

% = rate of creation — rate of decay ,

dy _ —10r
(12) = =50e ky |

where k > 0 is the decay constant. If k = 2/sec and initially y(0) = 40 kg, find the mass y(#) of
RA, fort = 0.

Equation (12) is linear, so we begin by writing it in standard form

ay

13) i

+2y =501, y(0) =40,

where we have substituted k = 2 and displayed the initial condition. We now see that P(t) = 2,
so [P(t)dr = [2dr = 2t. Thus, an integrating factor is wu(r) = ¢%. Multiplying equation (13)
by () yields

62[% + 2€2ly — 506—101+2t — 508—8t ,
N e’

%(ezty) = 50e % .
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Integrating both sides and solving for y, we find

ey = —27?6_8’ + C,

y = —%6710[ + Ce™? .

Substituting + = 0 and y(0) = 40 gives

_ 25, o_ _325
40 = 4e + Ce” = 4+C,

so C = 40 + 25/4 = 185/4 . Thus, the mass y() of RA, at time ¢ is given by

(14) y(,):<1§5>e—zt_<245>e-m,, (=0, o

Example 3  For the initial value problem
3 Y +y=VI1+cosxx, y(1)=4,
find the value of y(2).
Solution The integrating factor for the differential equation is, from equation (7),
wix) = T = or

The general solution form (8) thus reads

) = e"(Je"m e+ c) .

However, this indefinite integral cannot be expressed in finite terms with elementary functions
(recall a similar situation in Problem 27 of Exercises 2.2). Because we can use numerical algo-
rithms such as Simpson’s rule (Appendix C) to perform definite integration, we revert to the
form (5), which in this case reads

i(exy) = ¢*V1 + cos’x ,

dx

and take the definite integral from the initial value x = 1 to the desired value x = 2:
x=2

2
evy =e%y(2) —ely(1) = J e*V1 + cos’x dx .

x=1 x=1

X=

Inserting the given value of y(1) and solving, we express

2
y(2) =e2TH4) + 72 J e*V'1 + cos’x dx .
1
Using Simpson’s rule, we find that the definite integral is approximately 4.841, so

y(2) = de!' +4841e7r = 2127 . @
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In Example 3 we had no difficulty expressing the integral for the integrating factor
w(x) = el 1% = ¢*. Clearly, situations will arise where this integral, too, cannot be expressed
with elementary functions. In such cases we must again resort to a numerical procedure such as
Euler’s method (Section 1.4) or to a “nested loop” implementation of Simpson’s rule. You are
invited to explore such a possibility in Problem 27.

Because we have established explicit formulas for the solutions to linear first-order differ-
ential equations, we get as a dividend a direct proof of the following theorem.

Existence and Uniqueness of Solution

Theorem 1. Suppose P(x) and Q(x) are continuous on an interval (a, b) that contains
the point x,. Then for any choice of initial value v, there exists a unique solution y(x)
on (a, b) to the initial value problem

d
15 S +PWy=00), vl =y

In fact, the solution is given by (8) for a suitable value of C.

The essentials of the proof of Theorem 1 are contained in the deliberations leading to equa-
tion (8); Problem 34 provides the details. This theorem differs from Theorem 1 on page 11 in
that for the linear initial value problem (15), we have the existence and uniqueness of the
solution on the whole interval (a, b), rather than on some smaller unspecified interval about x;.

The theory of linear differential equations is an important branch of mathematics not only
because these equations occur in applications but also because of the elegant structure associ-
ated with them. For example, first-order linear equations always have a general solution given
by equation (8). Some further properties of first-order linear equations are described in Prob-
lems 28 and 36. Higher-order linear equations are treated in Chapters 4, 6, and 8.

2.3 EXERCISES

In Problems 1-6, determine whether the given equation

dy 3 dr
is separable, linear, neither, or both. 9. Y t2y=ux 10. do +rtanfd =sec
dx . dy . d
1.E+xt=e 2. xza%—smx—y:O 1. (t+y+1)di—dy=0 12.%:)626—4):_4))
dy dy
— 0 2 CA _ dx _ 3
3. 3t edt-i-ylnt 4. (1 +1)dt yt—y 13. y?y+2x_5y
_dr .3 ax | o _ d -
5.3r—d0 (7] 6.xdt+tx—51nt 14.xl+3(y+x2)=51nx
dx X
In Problems 7-16, obtain the general solution to the
2 dy
equation. 15. (* + l)a +xy—x=0
dy 'y dy 3 _ d
Cp T T 8. —y—e"=0 16.(1—x2)l—x2y=(1+x) - 2

dx
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In Problems 17-22, solve the initial value problem.

dy 'y . _
17. e x Y y(1)=e—1

dy e 4
18.a+4y—e =0, y(O)—3
19. t2%+ 3ix=t*Int+1, x()=0

dy 3y
20.34’74—2—3)6, y(l)—l
21. cosxﬂ-l-ysinx:Zxcoszx

dx ’
T :—15\/2772

\4 32

2. sinx 2 4 — xsi T =2
- sinx o+ ycosx =xsinx, y(5 )=

23. Radioactive Decay. In Example 2 assume that the
rate at which RA,; decays into RA, is 40e ~2" kg/sec
and the decay constant for RA, is k = 5/sec. Find the
mass y(¢) of RA, for t = 0 if initially y(0) = 10 kg.

24. In Example 2 the decay constant for isotope RA; was
10/sec, which expresses itself in the exponent of the
rate term 50e ~ ! kg/sec. When the decay constant
for RA, is k = 2/sec, we see that in formula (14) for
y the term (185/4)e ' eventually dominates (has
greater magnitude for 7 large).

(a) Redo Example 2 taking k = 20/sec. Now which
term in the solution eventually dominates?
(b) Redo Example 2 taking k = 10/sec.

25. (a) Using definite integration, show that the solution
to the initial value problem

dy
SLt=1. @) =1,

can be expressed as

y(x) = e”2<e4 + J e’zdt> .
2

[ (b) Use numerical integration (such as Simpson’s
rule, Appendix C) to approximate the solution at
x=3.

[ 26. Use numerical integration (such as Simpson’s rule,
Appendix C) to approximate the solution, at x = 1,
to the initial value problem

dy sin 2x

— 4y

dx  2(1 + sin’x)
Ensure your approximation is accurate to three deci-
mal places.

=1, y0)=0.

27.

Consider the initial value problem

d
ay+ V1 + sin’xy = x , y(0) =2 .

(a) Using definite integration, show that the inte-
grating factor for the differential equation can be
written as

wlx) = exp< L \/1+—sin2tdt>

and that the solution to the initial value problem is

S L ) sds + -2
W= g ], wsas 2

[ (b) Obtain an approximation to the solution atx = 1

by using numerical integration (such as Simp-
son’s rule, Appendix C) in a nested loop to esti-
mate values of w(x) and, thereby, the value of

1
J w(s)sds .
0

[Hint: First, use Simpson’s rule to approximate
p,(x) at x = 0.1, 0.2, . . ., 1. Then use these
values and apply Simpson’s rule again to
approximate | (') w(s) s ds.]

[ (¢) Use Euler’s method (Section 1.4) to approxi-

28.

mate the solution at x = 1, with step sizes h =
0.1 and 0.05.

[A direct comparison of the merits of the two numer-
ical schemes in parts (b) and (c) is very complicated,
since it should take into account the number of func-
tional evaluations in each algorithm as well as the
inherent accuracies. ]

Constant Multiples of Solutions.
(a) Show that y = ¢ * is a solution of the linear
equation
dy
16 S +y=0,
and y = x ™! is a solution of the nonlinear equation
dy 5 _
an I +y°=0.

X

(b) Show that for any constant C, the function Ce ™
is a solution of equation (16), while Cx lisa
solution of equation (17) only when C = 0 or 1.

(¢) Show that for any linear equation of the form

dy
a—i—P(x)y—O,

if y(x) is a solution, then for any constant C the
function Cy(x) is also a solution.



29.

30.

31.

32.

Use your ingenuity to solve the equation

dy 1

dx M+ 2
[Hint: The roles of the independent and dependent
variables may be reversed.]

Bernoulli Equations. The equation
dy L,
(18) e + 2y = xy

is an example of a Bernoulli equation. (Further dis-
cussion of Bernoulli equations is in Section 2.6.)

(a) Show that the substitution v = y3 reduces equa-

tion (18) to the equation
dv

a+6v=3x.

(b) Solve equation (19) for v. Then make the substi-
tution v = y* to obtain the solution to equation
(18).

19

Discontinuous Coefficients. As we will see in
Chapter 3, occasions arise when the coefficient P(x)
in a linear equation fails to be continuous because of
jump discontinuities. Fortunately, we may still obtain
a “reasonable” solution. For example, consider the
initial value problem

0=x=2,
x>2.

(a) Find the general solution for 0 = x = 2.

(b) Choose the constant in the solution of part (a) so
that the initial condition is satisfied.

(¢) Find the general solution for x > 2.

(d) Now choose the constant in the general solution
from part (c) so that the solution from part (b)
and the solution from part (c) agree at x = 2. By
patching the two solutions together, we can
obtain a continuous function that satisfies the
differential equation except at x = 2, where its
derivative is undefined.

(e) Sketch the graph of the solution from x = 0 to
x =5.

Discontinuous Forcing Terms. There are occa-
sions when the forcing term Q(x) in a linear equation
fails to be continuous because of jump discontinuities.
Fortunately, we may still obtain a reasonable solution

33.

34.
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imitating the procedure discussed in Problem 31. Use
this procedure to find the continuous solution to the
initial value problem.

dy
Tioy=oW. H0)=0.
where
2, 0=x=3,
Q(x)::{—z x>3

Sketch the graph of the solution fromx = Otox = 7.

Singular Points. Those values of x for which P(x)

in equation (4) is not defined are called singular

points of the equation. For example, x = 0 is a singu-
lar point of the equation xy’ + 2y = 3x, since when
the equation is written in the standard form,

y' + (2/x)y =3, we see that P(x) = 2/x is not

defined at x = 0. On an interval containing a singular

point, the questions of the existence and uniqueness of

a solution are left unanswered, since Theorem 1 does

not apply. To show the possible behavior of solutions

near a singular point, consider the following equations.

(a) Show that xy" + 2y = 3x has only one solution
defined at x = 0. Then show that the initial value
problem for this equation with initial condition
y(0) = y, has a unique solution when y, = 0
and no solution when y, # 0.

(b) Show that xy’ — 2y = 3x has an infinite num-
ber of solutions defined at x = 0. Then show that
the initial value problem for this equation with
initial condition y(0) = 0 has an infinite number
of solutions.

Existence and Uniqueness. Under the assump-
tions of Theorem 1, we will prove that equation (8)
gives a solution to equation (4) on (a, b). We can
then choose the constant C in equation (8) so that the
initial value problem (15) is solved.

(a) Show that since P(x) is continuous on (a, b),
then w(x) defined in (7) is a positive, continuous
function satisfying du/dx = P(x)u(x) on (a, b).

(b) Since

d% JM(x)Q(x) dx = p(x)0(x) ,

verify that y given in equation (8) satisfies equation
(4) by differentiating both sides of equation (8).

(c) Show that when we let [ w(x)0(x) dx be the
antiderivative whose value at x;, is 0 (i.e.,
Ii w(1)Q(1) dr) and choose C to be y, u(x,), the
initial condition y(x,) = y, is satisfied.
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35.

5 L/min — A
0.2 kg/L
500 L
A(0)=5kg 5 L/min

Chapter 2 First-Order Differential Equations

(d) Start with the assumption that y(x) is a solution
to the initial value problem (15) and argue that
the discussion leading to equation (8) implies
that y(x) must obey equation (8). Then argue
that the initial condition in (15) determines the
constant C uniquely.

Mixing. Suppose a brine containing 0.2 kg of salt

per liter runs into a tank initially filled with 500 L of

water containing 5 kg of salt. The brine enters the
tank at a rate of 5 L/min. The mixture, kept uniform
by stirring, is flowing out at the rate of 5 L/min (see

Figure 2.6).

Figure 2.6 Mixing problem with equal flow rates

(a) Find the concentration, in kilograms per liter, of salt
in the tank after 10 min. [Hint: Let A denote the
number of kilograms of salt in the tank at # minutes
after the process begins and use the fact that

rate of increase in A = rate of input — rate of exit.

A further discussion of mixing problems is
given in Section 3.2.]

(b) After 10 min, a leak develops in the tank and
an additional liter per minute of mixture flows
out of the tank (see Figure 2.7). What will be
the concentration, in kilograms per liter, of salt
in the tank 20 min after the leak develops?
[Hint: Use the method discussed in Problems
31 and 32.]

5 L/min — 4
0.2 ke/L @
7L
A(10) = 7 kg 5 L/min

36.

|

1 L/min
Figure 2.7 Mixing problem with unequal flow rates

Variation of Parameters. Here is another proce-
dure for solving linear equations that is particularly
useful for higher-order linear equations. This method
is called variation of parameters. It is based on the

37.

idea that just by knowing the form of the solution,
we can substitute into the given equation and solve
for any unknowns. Here we illustrate the method for
first-order equations (see Sections 4.6 and 6.4 for the
generalization to higher-order equations).

(a) Show that the general solution to

dy

20) o+ Pla)y = 0(x)

has the form

() = Cnx) + y,(x)

where y, (# 0) is a solution to equation (20)
when Q(x) =0, C is a constant, and yp(x) =
v(x)y,(x) for a suitable function v(x). [Hint:
Show that we can take y, = u ™ !(x) and then use
equation (8).]

We can in fact determine the unknown func-
tion y, by solving a separable equation. Then
direct substitution of vyj, in the original equation
will give a simple equation that can be solved

for v.
Use this procedure to find the general solution to
dy 3 )
(21) dx+xy—x, x>0,

by completing the following steps:
(b) Find a nontrivial solution y, to the separable
equation
dy 3
22 S+ =0,
(¢) Assuming (21) has a solution of the form
yp(x) = v(x)y,(x), substitute this into equation
(21), and simplify to obtain v’ (x) = x?/y,(x).
(d) Now integrate to get v(x).
(e) Verify that y(x) = Cy,(x) + v(x)y,(x) is a gen-
eral solution to (21).

x>0.

Secretion of Hormones. The secretion of hor-
mones into the blood is often a periodic activity. If a
hormone is secreted on a 24-h cycle, then the rate of
change of the level of the hormone in the blood may
be represented by the initial value problem

@=a—ﬁcosﬂ—kx,

dt 12 x(0) =0 ,

where x(z) is the amount of the hormone in the blood
at time ¢, o is the average secretion rate, 3 is the
amount of daily variation in the secretion, and k is a
positive constant reflecting the rate at which the
body removes the hormone from the blood. If
a=B=1,k=2, and x, = 10, solve for x(z).
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38. Use the separation of variables technique to derive Suppose T = 0 at 9:00 A.M., the heating unit is ON
the solution (7) to the differential equation (6). from 9-10 A.M., OFF from 10-11 A.m., ON again
39. The temperature 7 (in units of 100°F) of a university from 11 A.M.—noon, and so on for the rest of the day.
classroom on a cold winter day varies with time 7 (in How warm will the classroom be at noon? At
hours) as 5:00 p.M.?
dr {1 — T,  ifheating unit is ON.
|\ -T, if heating unit is OFF.

2&‘1 EXACT EQUATIONS

Suppose the mathematical function F(x,y) represents some physical quantity, such as tempera-
ture, in a region of the xy-plane. Then the level curves of F, where F(x,y) = constant, could be
interpreted as isotherms on a weather map, as depicted in Figure 2.8.

50°
60°
70°
80°
90°

Figure 2.8 Level curves of F(x, y)

How does one calculate the slope of the tangent to a level curve? It is accomplished by
implicit differentiation: One takes the derivative, with respect to x, of both sides of the equation
F(x,y) = C, taking into account that y depends on x along the curve:

Lr(xy) = 4(C) or

9F | 9F dy _
dx  dJdy dx ’

ey
and solves for the slope:

dy _ 9Flox

The expression obtained by formally multiplying the left-hand member of (1) by dx is known
as the rotal differential of F, written dF

oF oF
dF := axdx + aydy,

and our procedure for obtaining the equation for the slope f(x,y) of the level curve F(x,y) = C
can be expressed as setting the total differential dFF = 0 and solving.

Because equation (2) has the form of a differential equation, we should be able to reverse this
logic and come up with a very easy technique for solving some differential equations. After all,
any first-order differential equation dy/dx = f(x,y) can be rewritten in the (differential) form

A3) M(x, y)dx + N(x,y)dy = 0
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Example 1

Solution

(in a variety of ways). Now, if the left-hand side of equation (3) can be identified as a total
differential,

OF . oF
M(x, y)dx + N(x. y)dy = 7 -dx + = dF(x,y) |

then its solutions are given (implicitly) by the level curves

F(x,y)=C
for an arbitrary constant C.

Solve the differential equation
dy 2xy? + 1
Some of the choices of differential forms corresponding to this equation are

(2xy® + 1)dx + 2x>ydy =0 ,

2
+1
2 ety =0,
2x“y
2x%y
dx + ———dy =0, et.
2xy- + 1

However, the first form is best for our purposes because it is a total differential of the function
Fx,y) = x2y2 + x:

(2xy% + 1)dx + 2x%y dy = 417[)c2y2 + x]

_ 922 022
—ax(xy +x)dx+ay(xy + x)dy .

Thus, the solutions are given implicitly by the formula x?>y*> + x = C. See Figure 2.9. #

Figure 2.9 Solutions of Example 1
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Next we introduce some terminology.

Exact Differential Form

Definition 2. The differential form M(x, y)dx + N(x, y)dy is said to be exact in a
rectangle R if there is a function F(x, y) such that

@ G (y)=Mlxy) and §i(xy) = Nixy)

for all (x, y) in R. That is, the total differential of F(x, y) satisfies
dF(x,y) = M(x, y)dx + N(x, y)dy .

If M(x, y)dx + N(x, y)dy is an exact differential form, then the equation
M(x, y)dx + N(x,y)dy = 0

is called an exact equation.

As you might suspect, in applications a differential equation is rarely given to us in exact
differential form. However, the solution procedure is so quick and simple for such equations
that we devote this section to it. From Example 1, we see that what is needed is (i) a test to
determine if a differential form M(x, y)dx + N(x, y)dy is exact and, if so, (ii) a procedure for
finding the function F(x, y) itself.

The test for exactness arises from the following observation. If

oF oF
+ =—dx + —
M(x, y)dx + N(x,y)dy P dx ay dy ,
then the calculus theorem concerning the equality of continuous mixed partial derivatives
9 9F _ 0 oF
dy dx  ox dy
would dictate a “compatibility condition” on the functions M and N:
0 _ 0

In fact, Theorem 2 states that the compatibility condition is also sufficient for the differential
form to be exact.

Test for Exactness

Theorem 2. Suppose the first partial derivatives of M(x, y) and N(x, y) are continuous
in a rectangle R. Then

M(x, y)dx + N(x,y)dy = 0
is an exact equation in R if and only if the compatibility condition

0 0
® Gy )= Gy

holds for all (x, y) in R."
Before we address the proof of Theorem 2, note that in Example 1 the differential form
that led to the total differential was
(2xy> + 1)dx + (2x%y)dy = 0 .

"Historical Footnote: This theorem was proven by Leonhard Euler in 1734.
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The compatibility conditions are easily confirmed:

oM _ 9 o —

By " oy (20° + 1) = 4xy ,
ON _ 92y _

o 8x(2x y) 4xy .

Also clear is the fact that the other differential forms considered,

2xy? + 1 2x7%y

dc+dy=0, di+—5——dy=0,
y 2o+ 1%

2x?%y
do not meet the compatibility conditions.

Proof of Theorem 2. There are two parts to the theorem: Exactness implies compatibil-
ity, and compatibility implies exactness. First, we have seen that if the differential equation is
exact, then the two members of equation (5) are simply the mixed second partials of a function
F(x, y). As such, their equality is ensured by the theorem of calculus that states that mixed sec-
ond partials are equal if they are continuous. Because the hypothesis of Theorem 2 guarantees
the latter condition, equation (5) is validated.

Rather than proceed directly with the proof of the second part of the theorem, let’s derive a
formula for a function F(x, y) that satisfies dF/ox = M and 9F/dy = N. Integrating the first
equation with respect to x yields

©  F) = [Ml)ac+gly)

Notice that instead of using C to represent the constant of integration, we have written g(y).
This is because y is held fixed while integrating with respect to x, and so our “constant” may
well depend on y. To determine g(y), we differentiate both sides of (6) with respect to y to obtain

OF .y _ 0 9
M G wy =g J M(x,y)dx + 5 g(y) -

As g is a function of y alone, we can write dg/dy = g'(y), and solving (7) for g'(y) gives

gm=gww—gﬁmww.

Since dF/dy = N, this last equation becomes

@) gy =Nxy) - a% JM(x, y)dx .

Notice that although the right-hand side of (8) indicates a possible dependence on x, the
appearances of this variable must cancel because the left-hand side, g’ (y), depends only on y. By
integrating (8), we can determine g(y) up to a numerical constant, and therefore we can deter-
mine the function F(x, y) up to a numerical constant from the functions M(x, y) and N(x, y).
To finish the proof of Theorem 2, we need to show that the condition (5) implies that
M dx + Ndy = 0 is an exact equation. This we do by actually exhibiting a function F(x, y) that
satisfies 9F/dx = M and dF/dy = N. Fortunately, we needn’t look too far for such a function.
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The discussion in the first part of the proof suggests (6) as a candidate, where g’(y) is given by
(8). Namely, we define F(x, y) by

X

O Pl | Ml )
where (x, yo) is a fixed point in the rectangle R and g(y) is determined, up to a numerical con-
stant, by the equation

10)  g'(y)=Nlx.y) = a% J M(t,y)dr .

Before proceeding we must address an extremely important question concerning the defin-
ition of F(x, ). That is, how can we be sure (in this portion of the proof) that g’(y), as given in
equation (10), is really a function of just y alone? To show that the right-hand side of (10) is
independent of x (that is, that the appearances of the variable x cancel), all we need to do is
show that its partial derivative with respect to x is zero. This is where condition (5) is utilized.
We leave to the reader this computation and the verification that F(x, y) satisfies conditions (4)
(see Problems 35 and 36). &

The construction in the proof of Theorem 2 actually provides an explicit procedure for
solving exact equations. Let’s recap and look at some examples.

Method for Solving Exact Equations

(a) If Mdx + Ndy = 0 is exact, then dF/dx = M. Integrate this last equation with
respect to x to get

an Fuw=ﬁmww+ﬁw.

(b) To determine g(y), take the partial derivative with respect to y of both sides of equa-
tion (11) and substitute N for aF/dy. We can now solve for g'(y).

(c) Integrate g'(y) to obtain g(y) up to a numerical constant. Substituting g(y) into
equation (11) gives F(x, y).

(d) The solution to M dx + N dy = 0 is given implicitly by

Flx,y)=C.

(Alternatively, starting with 9F/dy = N, the implicit solution can be found by first
integrating with respect to y; see Example 3.)

Example 2 Solve
(12)  (2xy — sec’x)dx + (x* + 2y)dy = 0 .
Solution Here M(x, y) = 2xy — sec’x and N(x, y) = x> + 2y. Because

oM _ ., dN
ay_zx_éx’
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Example 3

Solution

equation (12) is exact. To find F(x, y), we begin by integrating M with respect to x:
1) Fley) = [Go = sectax + g0)

= x%y —tanx + g(y) .

Next we take the partial derivative of (13) with respect to y and substitute x> + 2y for N:

OF 3
L (x3) = Mxy)

2+ g(y)=x*+2y.

Thus, g'(y) = 2y, and since the choice of the constant of integration is not important, we can
take g(y) = y?. Hence, from (13), we have F(x,y) = x>y — tanx + y%, and the solution to
equation (12) is given implicitly by x>y — tanx + y>* = C. *

Remark. The procedure for solving exact equations requires several steps. As a check on our
work, we observe that when we solve for g’(y), we must obtain a function that is independent
of x. If this is not the case, then we have erred either in our computation of F(x,y) or in
computing dM/dy or IN/dx.

In the construction of F(x, y), we can first integrate N(x, y) with respect to y to get
14 Fley) = JN(x, y)dy + hx)
and then proceed to find 4(x). We illustrate this alternative method in the next example.

Solve
(15) (1 + e*y + xe*y)dx + (xe* + 2)dy =0 .

Here M = 1 + e’y + xe*y and N = xe* + 2. Because

@=ex+xe"—ﬂ

ady Coox

equation (15) is exact. If we now integrate N(x, y) with respect to y, we obtain
Fx,y) = J(xex + 2)dy + h(x) = xe*y + 2y + h(x) .

When we take the partial derivative with respect to x and substitute for M, we get

O (ey) = M(x.)

ey + xe'y + h'(x) = 1 + ey + xe'y .
Thus, 4'(x) = 1, so we take h(x) = x. Hence, F(x, y) = xe*y + 2y + x, and the solution to

equation (15) is given implicitly by xe*y + 2y + x = C. In this case we can solve explicitly
for y to obtain y = (C — x)/(2 + xe*). *
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Solution
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Remark. Since we can use either procedure for finding F(x, y), it may be worthwhile to con-
sider each of the integrals [M(x, y)dx and [N(x,y)dy. If one is easier to evaluate than the
other, this would be sufficient reason for us to use one method over the other. [The skeptical
reader should try solving equation (15) by first integrating M(x, y).]

Show that
(16) (x + 3x’sin y)dx + (x*cos y)dy = 0

is not exact but that multiplying this equation by the factor x ! yields an exact equation. Use
this fact to solve (16).

In equation (16), M = x + 3x’siny and N = x*cos y. Because

M _ ;3 3 _ 9N
3y = 3x°cos y # 4x°cosy o

1

equation (16) is not exact. When we multiply (16) by the factor x ~°, we obtain

(17) (1 + 3x%siny)dx + (x*cos y)dy = 0 .

For this new equation, M = 1 + 3x%sin y and N = x>cos y. If we test for exactness, we now
find that

M _ 3x%cosy = N

dy ax ’

and hence (17) is exact. Upon solving (17), we find that the solution is given implicitly by
x + x’sin y = C. Since equations (16) and (17) differ only by a factor of x, then any solution
to one will be a solution for the other whenever x # 0. Hence the solution to equation (16) is
given implicitly by x + x’siny = C. ¢

In Section 2.5 we discuss methods for finding factors that, like x ! in Example 4, change
inexact equations into exact equations.

2.4 EXERCISES

In Problems 1-8, classify the equation as separable, lin- 6. y>dx + (2xy + cos y)dy = 0
ear, exact, or none of these. Notice that some equations ” [2x +yc os(xy)] dx + [x o s(xy) _ 2y] dy =0

may have more than one classification.

=

mos WD

xydx +dy =20

8. 0dr+(3r—6—1)dd =0

(x10/3 —2y)dx + xdy =0

(Py + x*cos x)dx — x*dy = 0 In Problems 9-20, determine whether the equation is
.V =2y —yrdx + (34 2x — x})dy =0 exact. If it is, then solve it.
. (ye™ + 2x)dx + (xe® — 2y)dy = 0 9. (2x + y)dx + (x — 2y)dy = 0

10. (2xy + 3)dx + (x> — 1)dy = 0
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11.
12.
13.
14.
15.
16.
17.
18.

19.

20.
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(cosxcosy + 2x)dx — (sinxsiny + 2y)dy = 0

(e*siny — 3x%)dx + (e*cosy + y 2/3/3)dy =0
(t/y)dy + (1 + Iny)dt = 0

ey —1t)dt+ (1 +e)dy=0

cos O dr — (rsin® — e%)do = 0

(ye™ = 1/y)dx + (xe® + x/y*)dy = 0

(1/y)dx = 3y = x/y*)dy = 0
[2x + y2 — cos(x + y)]dx
[ny —cos(x +y) — & }dy =0

y X
o+ ——de+ [——— —2ylay =0
<x 1+x2y2>x <1+x2y2 y>y

[2 +y cos(xy)}dx
1 — x?

+ [x cos(xy) — y71/3]dy =0

In Problems 21-26, solve the initial value problem.

21.

22,

23.

24.

25.
26.

27.

28.

29.

(1/x + 2y*x)dx + (2yx* — cosy)dy = 0 ,
y(1) =7

(ye™ — 1/y)dx + (xe™ + x/y*)dy = 0 ,
y(1) =1

(e'y + te'y)dt + (te' + 2)dy = 0, y(0) =—1
(ex + 1)dt + (¢! — 1)dx =0 , x(1)=1
(y?sin x)dx + (1/x — y/x) y =20, y(m) =1
(tany — 2)dx + (xsec’y + 1/y)dy =0 ,

y(0) =1

For each of the following equations, find the most
general function M(x, y) so that the equation is exact.
(@) M(x,y)dx + (sec’y — x/y)dy = 0

(b) M(x,y)dx + (sinxcosy — xy — e ¥)dy =0
For each of the following equations, find the most
general function N(x, y) so that the equation is exact.
(a) [ycos(xy) + e*]dx + N(x, y)dy = 0

(b) (ye™ — 4x3y + 2)dx + N(x,y)dy = 0
Consider the equation

(y? + 2xy)dx — x*dy =0 .

30.

31.

32.

(a) Show that this equation is not exact.

(b) Show that multiplying both sides of the equation
by y ~? yields a new equation that is exact.

(¢) Use the solution of the resulting exact equation
to solve the original equation.

(d) Were any solutions lost in the process?

Consider the equation

(5x%y + 6x°y? + 4xy?)dx
+(2x3 + 3x%y + 3x%y)dy = 0 .

(a) Show that the equation is not exact.

(b) Multiply the equation by x"y™ and determine
values for n and m that make the resulting equa-
tion exact.

(¢) Use the solution of the resulting exact equation
to solve the original equation.

Argue that in the proof of Theorem 2 the function g
can be taken as

y y 9 x
J N(x, t)dt — J J M(s, t)ds |dt ,
, ot

Yo Yo Xo

which can be expressed as

j N, 1)dr — J M(s, y)ds

Xo

gly) =

gly) =

+ J M(s, y,)ds

X0

This leads ultimately to the representation

N, 1)dr + f

X0

X

M (s, yo) ds

y
(18)  Flxy) = f

Yo
Evaluate this formula directly with x, = 0,y, = 0
to rework

(a) Example 1.
(b) Example 2.
(¢) Example 3.

Orthogonal Trajectories. A geometric problem
occurring often in engineering is that of finding a
family of curves (orthogonal trajectories) that inter-
sects a given family of curves orthogonally at each
point. For example, we may be given the lines of
force of an electric field and want to find the equation



for the equipotential curves. Consider the family of
curves described by F(x, y) = k, where k is a param-
eter. Recall from the discussion of equation (2) that
for each curve in the family, the slope is given by

dy oF /OF
de ~  ox/ dy °

(a) Recall that the slope of a curve that is orthogo-
nal (perpendicular) to a given curve is just the
negative reciprocal of the slope of the given
curve. Using this fact, show that the curves
orthogonal to the family F(x, y) = k satisfy the
differential equation

Gy r2)ds = Golxy)dy = 0.

(b) Using the preceding differential equation, show
that the orthogonal trajectories to the family of
circles x> + y?> =k are just straight lines
through the origin (see Figure 2.10).

Figure 2.10 Orthogonal trajectories for
concentric circles are lines through the center

(¢) Show that the orthogonal trajectories to the
family of hyperbolas xy = k are the hyper-
bolas x> — y2 = k (see Figure 2.11).

33.

34.

35.

36.
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9/‘
N

Xy
A

Figure 2.11 Families of orthogonal hyperbolas

Use the method in Problem 32 to find the orthogo-
nal trajectories for each of the given families of
curves, where k is a parameter.

(@ 2x*+y* =k

(b) y = kx*
(€ y=e"
(d) y* = kx

[Hint: First express the family in the form F(x, y) = k.]

Use the method described in Problem 32 to show
that the orthogonal trajectories to the family of
curves x> + y2 = kx, k a parameter, satisfy

(2yx Ndx + (y>x 2= 1)dy =0 .

Find the orthogonal trajectories by solving the above
equation. Sketch the family of curves, along with
their orthogonal trajectories. [Hint: Try multiplying
the equation by x™y" as in Problem 30.]

Using condition (5), show that the right-hand side of
(10) is independent of x by showing that its partial
derivative with respect to x is zero. [Hint: Since the
partial derivatives of M are continuous, Leibniz’s
theorem allows you to interchange the operations of
integration and differentiation. ]

Verify that F(x, y) as defined by (9) and (10) satisfies
conditions (4).
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25 SPECIAL INTEGRATING FACTORS

Example 1

Solution

If we take the standard form for the linear differential equation of Section 2.3,

@4 Py = 0.

and rewrite it in differential form by multiplying through by dx, we obtain
[P(x) - Q(x)]dx +dy=0.

This form is certainly not exact, but it becomes exact upon multiplication by the integrating
factor u(x) = ePW% . We have

[(x)P(x)y — n(x)Q(x)]dx + u(x)dy =0

as the form, and the compatibility condition is precisely the identity u(x)P(x) = u'(x) (see
Problem 20).
This leads us to generalize the notion of an integrating factor.

Integrating Factor

Definition 3. If the equation

@ M(x, y)dx + N(x,y)dy = 0

is not exact, but the equation

)l yM(x, y)dx + plx, y)N(x, y)dy = 0,

which results from multiplying equation (1) by the function w(x, y), is exact, then u(x, y)
is called an integrating factor' of the equation (1).

Show that w(x, y) = xy? is an integrating factor for

3) (2y — 6x)dx + (3x — 4x’y Ndy =0 .

Use this integrating factor to solve the equation.

We leave it to you to show that (3) is not exact. Multiplying (3) by u(x, y) = xy?, we obtain
) (2xy® — 6x2y?)dx + (3x%y* — 4x’y)dy = 0 .

For this equation we have M = 2xy® — 6x2y? and N = 3x%y? — 4x’y. Because

oM

oN
Mx3) = o0? = 122 = W)

equation (4) is exact. Hence, w(x, y) = xy? is indeed an integrating factor of equation (3).

"Historical Footnote: A general theory of integrating factors was developed by Alexis Clairaut in 1739. Leonhard
Euler also studied classes of equations that could be solved using a specific integrating factor.
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Let’s now solve equation (4) using the procedure of Section 2.4. To find F(x, y), we begin
by integrating M with respect to x:

Flx,y) = j(ZXf — 6x%y?)dx + g(y) = x%y’ — 202 + g(y) .
When we take the partial derivative with respect to y and substitute for N, we find

5y (0) = Nlxy)

3x2y? — 4xdy + g'(y) = 3x%y? — 4x3y .

Thus, g’(y) = 0, so we can take g(y) = 0. Hence, F(x, y) = x?y> — 2x%y? and the solution to
equation (4) is given implicitly by

)c2y3 - 2)c3y2 =C.

Although equations (3) and (4) have essentially the same solutions, it is possible to lose or
gain solutions when multiplying by u(x, ). In this case y = 0 is a solution of equation (4) but
not of equation (3). The extraneous solution arises because, when we multiply (3) by u = xy?
to obtain (4), we are actually multiplying both sides of (3) by zero if y = 0. This gives us
y = 0 as a solution to (4), but it is not a solution to (3).

Generally speaking, when using integrating factors, you should check whether any solu-
tions to u(x, y) = 0 are in fact solutions to the original differential equation.

How do we find an integrating factor? If u(x, y) is an integrating factor of (1) with contin-
uous first partial derivatives, then testing (2) for exactness, we must have

2 Ll M 3)] = 2 [l NG )]

dy
By use of the product rule, this reduces to the equation
o op <6N aM>

®) M~ Nox =\ax ~ay )+

But solving the partial differential equation (5) for w is usually more difficult than solving the
original equation (1). There are, however, two important exceptions.
Let’s assume that equation (1) has an integrating factor that depends only on x; that is,
@ = w(x). In this case equation (5) reduces to the separable equation
du aM/dy — dN/ox
© = (N >u :
where (0M/dy — dN/ox)/N is (presumably) just a function of x. In a similar fashion, if equa-
tion (1) has an integrating factor that depends only on y, then equation (5) reduces to the
separable equation

dp  (dN[ox — aM/ay
dy - M IL ’
where (ON/ox — dM/dy)/M is just a function of y.

(7
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We can reverse the above argument. In particular, if (9M/dy — aN/ax)/N is a function that
depends only on x, then we can solve the separable equation (6) to obtain the integrating factor

-2

for equation (1). We summarize these observations in the following theorem.

Special Integrating Factors

Theorem 3. If (0M/dy — dN/ax)/N is continuous and depends only on x, then

8) w(x) = epr(W)dx}

is an integrating factor for equation (1).
If (ON/ax — aM/dy)/M is continuous and depends only on y, then

@ uly)= em“(W)@}

is an integrating factor for equation (1).

Theorem 3 suggests the following procedure.

Method for Finding Special Integrating Factors

If M dx + N dy = 0 is neither separable nor linear, compute dM/dy and ON/ox . If
dOM/dy = dN/dx, then the equation is exact. If it is not exact, consider

aM/dy — ON/ox

(10) N

If (10) is a function of just x, then an integrating factor is given by formula (8). If not,
consider

ON/ax — aM /oy

(1) M

If (11) is a function of just y, then an integrating factor is given by formula (9).

Example 2 Solve
12) (2x% + y)dx + (x*y — x)dy =0 .

Solution A quick inspection shows that equation (12) is neither separable nor linear. We also note that

oM B
3y =1# (2xy— 1)

_ON
ox



Because (12) is not exact, we compute

aM/dy — oNJox

l—(2xy—1): 2(1 —xy) -2

Section 2.5 Special Integrating Factors 67

N B X’y —x

—x(1 — xy) X

We obtain a function of only x, so an integrating factor for (12) is given by formula (8). That is,

) = equ‘xzdx) _

When we multiply (12) by u = x 2,

(24w Hdx + (y —x Vdy

we get the exact equation

=0.

Solving this equation, we ultimately derive the implicit solution

2
(13) Zx—yx_l—k%:C.

Notice that the solution x = 0 was lost in multiplying by u = x>

solutions to equation (12). @

. Hence, (13) and x = 0 are

There are many differential equations that are not covered by Theorem 3 but for which an
integrating factor nevertheless exists. The major difficulty, however, is in finding an explicit
formula for these integrating factors, which in general will depend on both x and y.

2.5 EXERCISES

In Problems 1-6, identify the equation as separable, lin-
ear, exact, or having an integrating factor that is a func-
tion of either x alone or 'y alone.

(2 4+ yx Ndx + (xy — 1)dy =0

. (293 + 2y%)dx + (3y*x + 2xy)dy = 0
(2x + y)dx + (x — 2y)dy = 0
- (°
e

-

y + 2xy)dx — x*dy = 0
x’sinx + 4y)dx + xdy = 0
(2y%x — y)dx + xdy = 0

n ok W

a

In Problems 7—12, solve the equation.
7 (2xy)dx + (y* — 3x})dy = 0
8. 3x + y)dx + (x*y —x)dy =0
9. (x* — x + y)dx — xdy =0
0. (2y> + 2y + 4x )dx + (2xy + x)dy =0
11 (y? + 2xy)dx — x? dy =0
12. (2xy® + 1)dx + (3x3? =y Hdy =0
In Problems 13 and 14, find an integrating factor of the
Sform x"y™ and solve the equation.
13. (2y* — 6xy)dx + (3xy — 4x?)dy = 0
14. (12 + Sxy)dx + (6xy™!' + 3x%)dy = 0

15. (a) Show that if (dN/ax — aM/ay)/(xM — yN)
depends only on the product xy, that is,

IN/ox — oM/dy (o)

xM —yN e
then the equation M(x,y)dx + N(x,y)dy =0
has an integrating factor of the form w(xy). Give
the general formula for p(xy).

(b) Use your answer to part (a) to find an implicit
solution to

By + 2xyH)dx + (x + 2x%)dy =0 ,
satisfying the initial condition y(1) = 1.

16. (a) Prove that Mdx + Ndy = 0 has an integrating
factor that depends only on the sum x + y if and
only if the expression

ON/ox — oM /dy
M- N
depends only on x + y.

(b) Use part (a) to solve the
B+y+xyde+@B+x+xy)dy=0

equation
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17.

18.

19.
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(a) Find a condition on M and N that is necessary
and sufficient for Mdx + Ndy = 0 to have an
integrating factor that depends only on the
product x2y.

(b) Use part (a) to solve the equation
Qx + 2y + 25y + 4x}y?)dx

+ @+ xt+28dy =0 .

If xM(x, y) + yN(x,y) = 0, find the solution to the

equation M(x, y)dx + N(x, y)dy = 0.

Fluid Flow. The streamlines associated with a cer-

tain fluid flow are represented by the family of curves

y=x—1+ ke ™. The velocity potentials of the
flow are just the orthogonal trajectories of this family.

20.

(a) Use the method described in Problem 32 of
Exercises 2.4 to show that the velocity potentials
satisfy dx + (x — y)dy = 0.

[Hint: First express the family y = x — 1 + ke ™" in

the form F(x, y) = k.]

(b) Find the velocity potentials by solving the equa-
tion obtained in part (a).

Verify that when the linear differential equation

[P(x)y — Q(x)]dx + dy = 0 is multiplied by p(x) =

1) P(x)

P4 the result is exact.

26 SUBSTITUTIONS AND TRANSFORMATIONS

When the equation

M(x, y)dx + N(x,y)dy = 0

is not a separable, exact, or linear equation, it may still be possible to transform it into one that
we know how to solve. This was in fact our approach in Section 2.5, where we used an
integrating factor to transform our original equation into an exact equation.

In this section we study four types of equations that can be transformed into either a sepa-
rable or linear equation by means of a suitable substitution or transformation.

Substitution Procedure

transformation.

(a) Identify the type of equation and determine the appropriate substitution or

(b) Rewrite the original equation in terms of new variables.
(¢) Solve the transformed equation.
(d) Express the solution in terms of the original variables.

Homogeneous Equations

Homogeneous Equation

Definition 4. If the right-hand side of the equation

d
L)

can be expressed as a function of the ratio y/x alone, then we say the equation

is homogeneous.



Section 2.6 Substitutions and Transformations 69

For example, the equation
2) (x—y)dx-i—xdy:O
can be written in the form

H_y-x_y_,
dx X X ’

Since we have expressed (y — x)/x as a function of the ratio y/x [thatis, (y — x)/x = G(y/x),
where G(v) = v — 1], then equation (2) is homogeneous.
The equation

3 (x—=2y+ dx+ (x —y)dy =0

can be written in the form
dy x—2y+1 1-2(y/x)+ (1/x)
& y—x (-1

Here the right-hand side cannot be expressed as a function of y/x alone because of the term 1/x
in the numerator. Hence, equation (3) is not homogeneous.

One test for the homogeneity of equation (1) is to replace x by x and y by #y. Then (1) is
homogeneous if and only if

flex 1) = f(x. y)

for all ¢ # 0 [see Problem 43(a)].
To solve a homogeneous equation, we make a rather obvious substitution. Let

y
v=".
x

Our homogeneous equation now has the form

d
@ =60,

and all we need is to express dy/dx in terms of x and v. Since v = y/x, then y = vx. Keeping in
mind that both v and y are functions of x, we use the product rule for differentiation to deduce
from y = vx that

dy_ v
e U T Y ax

We then substitute the above expression for dy/dx into equation (4) to obtain

5) v+ x% =G(v) .

The new equation (5) is separable, and we can obtain its implicit solution from

JG(l})l_vdv - Jidx .

All that remains to do is to express the solution in terms of the original variables x and y.
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Example 1

Solution

Example 2

Solution

Solve
(6) (xy + y*> + x¥)dx — x*dy =0 .

A check will show that equation (6) is not separable, exact, or linear. If we express (6) in the
derivative form

d +y* + x? 2
o y:W:u(y)H,
dx X X X

then we see that the right-hand side of (7) is a function of just y/x. Thus, equation (6) is homo-
geneous.

Now let v = y/x and recall that dy/dx = v + x(dv/dx). With these substitutions, equation
(7) becomes

dv 2
+x - =v+02+ 1.
v+ x vt

The above equation is separable, and, on separating the variables and integrating, we obtain

le dv=fldx,
v+ 1 X

arctanv = In|x| + C .

Hence,
v =tan(In|x| + C) .

Finally, we substitute y/x for v and solve for y to get
y = xtan(In|x| + C)

as an explicit solution to equation (6). Also note that x = 0 is a solution. ¢

Equations of the Form dy/dx = Glax + by)

When the right-hand side of the equation dy/dx = f(x, y) can be expressed as a function of the
combination ax + by, where a and b are constants, that is,

dy
e G(ax + by) R

then the substitution
z =ax + by
transforms the equation into a separable one. The method is illustrated in the next example.

Solve

dy o
8) ol I+ (x—y+2)".

The right-hand side can be expressed as a function of x — y, that is,

yox—l+ta—y+2) 7 =--y -1+ [x-y+2]",
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so let z = x — y. To solve for dy/dx, we differentiate z = x — y with respect to x to obtain
dz/dx = 1 — dy/dx, and so dy/dx = 1 — dz/dx. Substituting into (8) yields

_dz _ ~1
== 1+ (z+2)7",

or
dZ_ _ -1
—==(z+2)—-(z+2)7"'.

Solving this separable equation, we obtain

+2
j(z_fz)Z_ 1dz= J'dx
%ln|(z+2)2— | =x+C,
from which it follows that
(z+2P=Ce™+1.
Finally, replacing z by x — y yields
(x—y+2P=Ce™+ 1

as an implicit solution to equation (8). @

Bernoulli Equations

Bernoulli Equation

Definition 5. A first-order equation that can be written in the form

© g TPy =0kh",

where P(x) and Q(x) are continuous on an interval (a, b) and 7 is a real number, is called a
Bernoulli equation.’

Notice that when n = 0 or 1, equation (9) is also a linear equation and can be solved by the
method discussed in Section 2.3. For other values of 7, the substitution

—_ ,1—n

v=Yy
transforms the Bernoulli equation into a linear equation, as we now show.
"Historical Footnote: This equation was proposed for solution by James Bernoulli in 1695. It was solved by his brother

John Bernoulli. (James and John were two of eight mathematicians in the Bernoulli family.) In 1696, Gottfried Leibniz
showed that the Bernoulli equation can be reduced to a linear equation by making the substitution v = y! =7,



72

Chapter 2 First-Order Differential Equations

Example 3

Solution

Dividing equation (9) by y" yields

d
10y Py = o) .

Taking v = yl " we find via the chain rule that

dv _,dy
o (1 —nly I

and so equation (10) becomes

1 d
1_n7;+P(x)v=Q(x).

Because 1/(1 — n) is just a constant, the last equation is indeed linear.

Solve

dy 5

‘ — 2.3

This is a Bernoulli equation with n = 3, P(x) = —5, and Q(x) = —5x/2. To transform (11)
into a linear equation, we first divide by y* to obtain
dy 5
AN
Y Sy >

Next we make the substitution v = y 2. Since dv/dx = —2y > dy/dx, the transformed equation is

_l@_S __5
2ax VT 2%
dv _
(12) I + 10v = 5x .

Equation (12) is linear, so we can solve it for v using the method discussed in Section 2.3.
When we do this, it turns out that

_ﬁ_i —10x
v—2 20+Ce .

Substituting v = y~? gives the solution

5 1

_x b —10x
y > 20+Ce .

Not included in the last equation is the solution y = 0 that was lost in the process of dividing
(1) by y*. &

Equations with Linear Coefficients

We have used various substitutions for y to transform the original equation into a new equation
that we could solve. In some cases we must transform both x and y into new variables, say, u and
v. This is the situation for equations with linear coefficients—that is, equations of the form

13) (a1x + b1y + ¢y)dx + (a,x + byy + ¢,)dy = 0,



Example 4

Solution
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where the a;’s, b;’s, and ¢;’s are constants. We leave it as an exercise to show that when
a,b, = ayb;, equation (13) can be put in the form dy/dx = G(ax + by), which we solved via
the substitution z = ax + by.

Before considering the general case when a;b, # a,b,, let’s first look at the special situa-
tion when ¢; = ¢, = 0. Equation (13) then becomes

(ayx + byy)dx + (ax + byy)dy =0,
which can be rewritten in the form

dy —axtby a+t b(y/x)

dx ax + byy a, + by(y/x)

This equation is homogeneous, so we can solve it using the method discussed earlier in this
section.

The above discussion suggests the following procedure for solving (13). If a;b, # a»b,,
then we seek a translation of axes of the form

x=u+h and y=v+k,

where h and k are constants, that will change a;x + by + ¢; into a;u + bjv and change
a)x + byy + ¢, into a,u + byv. Some elementary algebra shows that such a transformation
exists if the system of equations

. a1h+b1k+cl=0,
@D b+ byk + ¢y =0
has a solution. This is ensured by the assumption a,b, # a,b;, which is geometrically equiva-
lent to assuming that the two lines described by the system (14) intersect. Now if (%, k) satisfies
(14), then the substitutions x = # + handy = v + k transform equation (13) into the homo-
geneous equation

dv  au+by  a+ bi(v/u)

15 — =
( ) du aru + sz a + bz(v/l/t)

s

which we know how to solve.

Solve

(16)  (3x+y+6)dc+ (x+y+2)dy=0.

Since a;b, = (—3)(1) # (1)(1) = ayb;, we will use the translation of axes x = u + h,
y = v + k, where & and k satisfy the system

-3h+k+6=0,
h+k+2=0.

Solving the above system for /& and k gives h = 1,k = —3. Hence, we let x = u + 1 and
y = v — 3. Because dy = dv and dx = du, substituting in equation (16) for x and y yields
(=3u + v)du + (u + v)dv =0
dv 3 - (v/u)
du 1+ (v/u)
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The last equation is homogeneous, so we let z = v/u. Then dv/du = 7 + u(dz/du), and, sub-
stituting for v/u, we obtain

Separating variables gives

z+1 1
S S S () SO
J22+ZZ—3Z Ju”

1lnlzz-|r2z—3\=—1n|u|+C1,

2
from which it follows that
P?+2—-3=Cu?.

When we substitute back in for z, u, and v, we find

(v/u) + 2(v/u) — 3 = Cu™?,
v2 + 2uv — 3u’=C,
(y+3P+26 -y +3) -3x—-17=C.

This last equation gives an implicit solution to (16).

2.6 EXERCISES

In Problems 1-8, identify (do not solve) the equation as dy x*—)? dy y(ny—Inx+1)
homogeneous, Bernoulli, linear coefficients, or of the A 3xy 16. dx X
formy' = Glax + by).

1. 2txdx + (2 — x*)dr =0

Use the method discussed under “Equations of the Form

— —1)? — =
2. (y—dx— 1) dx3 5 dy =0 dy/dx = G(ax + by) ” to solve Problems 17-20.
3. dy/dx + =
vfdx + yfx = xy 17. dyfdx = Vx +y—1 18 dy/dx=(x+y+2)?
4. (t+x+2)dx+ 3t —x—6)dt =0 5 ,
19. dy/dx = (x —y + 5)*> 20. dy/dx = sin(x — y)
5.0dy — ydo = Voydo
6. (ye > + y3dx — e > dy = 0 Use the method discussed under “Bernoulli Equations”
to solve Problems 21-28.
7. cos(x + y)dy = sin(x + y)dx
3 2 2 21 Q + Yo x2y?
8. (y* — 6y?)do + 20%ydy =0 dx | x y
Use the method discussed under “Homogeneous Equa- 2 ﬂ I N
tions” to solve Problems 9—16. “dx Y Y
9. (xy + y?)dx — x*>dy =0 23, dy _ 2y _ 2y
10. (3x> — y?)dx + (xy — x*y )dy =0 dx  x
11. (y* — xy)dx + x*dy = 0 d
(y2 x2y> @ 24. L L5y
12. (x* + y?)dx + 2xydy = 0 dx x—2
dx x>+ 1V +x° dx 3, X _ dy _ r
13'dt_ . 25.dt+tx +t_0 26.dx+y—ey
d 0 sec(y/0) + 2 d
g, D _ Osecl/O) =y 27, dr _ "t 20 28 iy =0

g 6 do 6> dx



Use the method discussed under “Equations with Linear
Coefficients” to solve Problems 29-32.

29. (3x+y—1)dx+ (x+y+3)dy=0
30. (x +y—1)dx+ (y—x—5)dy=0
3. 2x — y)dx+ (4x +y = 3)dy =0

- (

2. 2x+y+4)de+ (x—2y—2)dy=0

In Problems 33—40, solve the equation given in:

33. Problem 1. 34. Problem 2.
35. Problem 3. 36. Problem 4.
37. Problem 5. 38. Problem 6.
39. Problem 7. 40. Problem 8.

41. Use the substitution v = x — y + 2 to solve equa-

tion (8).

42. Use the substitution y = vx? to solve
d 2
di)yc = % + cos(y/x?) .

43. (a) Show that the equation dy/dx = f(x,y) is
homogeneous if and only if f(zx, ty) = f(x, y).
[Hint: Lett = 1/x.]

(b) A function H(x,y) is called homogeneous of
order n if H(tx, ty) = t"H(x, y). Show that the
equation
M(x,y)dx + N(x,y)dy =0
is homogeneous if M(x, y) and N(x, y) are both
homogeneous of the same order.

44. Show that equation (13) reduces to an equation of
the form
dy

i Glax + by) ,

when ab, = ayb,. [Hint: If ab, = ayb;, then
a,/a, = by/b, = k, so that a, = ka, and b, = kb, .]

45. Coupled Equations. In analyzing coupled equa-
tions of the form

dy
E—ax-ﬁ-by,
dx
dt_a“x+ﬁy’

46.

47.

Section 2.6 Substitutions and Transformations 75

where a, b, a, and B are constants, we may wish to
determine the relationship between x and y rather
than the individual solutions x(z), y(¢). For this
purpose, divide the first equation by the second to
obtain

17) Q — m .

dx ax + By
This new equation is homogeneous, so we can solve
it via the substitution v = y/x. We refer to the solu-
tions of (17) as integral curves. Determine the inte-
gral curves for the system

dy

@ T
dx _
dt—Zx y .

Magnetic Field Lines. As described in Problem
20 of Exercises 1.3, the magnetic field lines of a
dipole satisfy

dy  3xy
dx 252 _y2 :

Solve this equation and sketch several of these lines.
Riccati Equation. An equation of the form

d
18) 2 =P)y* + Qx)y + R(x)

is called a generalized Riccati equation.
(a) If one solution—say, u(x)—of (18) is known,
show that the substitution y = u + 1/v reduces

(18) to a linear equation in v.
(b) Given that u(x) = x is a solution to

dy _
dx
use the result of part (a) to find all the other solu-
tions to this equation. (The particular solution

u(x) = x can be found by inspection or by using
a Taylor series method; see Section 8.1.)

y

3y 2 o2
x(y x)+x,

"Historical Footnote: Count Jacopo Riccati studied a particular case of this equation in 1724 during his investigation of
curves whose radii of curvature depend only on the variable y and not the variable x.
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Chapter Summary

In this chapter we have discussed various types of first-order differential equations. The most
important were the separable, linear, and exact equations. Their principal features and method
of solution are outlined below.

Separable Equations: dy/dx = g(x)p(y). Separate the variables and integrate.

Linear Equations: dy/dx + P(x)y = Q(x). The integrating factor u = exp [ IP(x) dx] reduces
the equation to d(uy)/dx = pQ, so that wy = [uQ dx + C.

Exact Equations: dF(x,y) = 0. Solutions are given implicitly by F(x,y) = C. If aM/ay =
dN/dx, then M dx + N dy = 0 is exact and F is given by

F= Jde-l—g(y) , where g'(y)ZN—aayJde

or

ox

When an equation is not separable, linear, or exact, it may be possible to find an integrat-
ing factor or perform a substitution that will enable us to solve the equation.

F= JNdy + h(x) , where h'(x) =M—i JNdy .

Special Integrating Factors: uMdx + uNdy = 0 is exact. If (0M/dy — dN/ox)/N depends
only on x, then

-l

is an integrating factor. If (ON/ax — aM/dy)/M depends only on y, then

nly) = emU(W)tiy}

is an integrating factor.

Homogeneous Equations: dy/dx = G(y/x). Let v = y/x. Then dy/dx = v + x(dv/dx),
and the transformed equation in the variables v and x is separable.

Equations of the Form: dy/dx = G(ax + by). Letz = ax+ by. Thendz/dx = a + b(dy/dx),
and the transformed equation in the variables z and x is separable.

Bernoulli Equations: dy/dx + P(x)y = Q(x)y". For n # 0 or 1, let v=y'"". Then
dvfdx = (1 — n)y "(dy/dx), and the transformed equation in the variables v and x is linear.

Linear Coefficients: (a;x + byy + ¢;)dx + (a,x + b,y + ¢;)dy = 0. Fora\b, # aby, let
x=u+ handy = v + k, where h and k satisfy

a1h+b1k+cl :0,

azh+b2k+02:0 .

Then the transformed equation in the variables « and v is homogeneous.



REVIEW PROBLEMS

In Problems 1-30, solve the equation.

1.

9

11.
12.

13.

14.

15.

16.

17.

18.
19.
20.

21.
22,
23.

dy &Y dy 5

a—y_l 2.a—4y—32)€
(2 =2y dy + (2xy — 3x%)dx = 0

d 3

i + 2 X2 —dx +3

dx X

. [sin(xy) + xy cos(xy)] dx + [1 + xzcos(xy)]dy =0
L 2xyddx — (1 — x2)dy =0
Y2 dr+ iy 0dy =0

dy 2y_ ) o
dx+x—2xy

. (x®+ yHdx + 3xydy =0
10.

[1+ (1 4+ x>+ 2xy +y) ax
+ [y_l/z + (l + x2 + 2xy + yz)_l]dy =0

%=1+0052(t—x)
(y3 + 4e"y)dx + (Ze" + 3y2)dy =0
d

l—X=x2sin2x

dx «x

dx __x _ o

dt t—l_t+2

d
d%;=2—\/2x—y+3
dy .
a+ytanx+31nx=0
dy

LTe—i-ZyZy2

d

d%;=(2x+y—1)2

(x2 = 3y?)dx + 2xydy = 0
dy 'y _ 2

a9 T T

(y—2x—1)dx+ (x+y—4)dy=0
(2x—2y—8)dx + (x — 3y —6)dy =0
(y = x)dx + (x + y)dy =0

24

25.

26.
27.

28.
29.

30.

Review Problems 77

<\/)% + cos x)dx + (\/% + sin y)dy =0
yx—y—2)dx+x(y —x+4)dy=0
%-{-xy: 0
Bx—y—5)de+(x—y+1)dy=0

dy x—y—1

dx  x + y+5

(4xy3 — 9y% + 4xy?)dx

+ (3x%y% — 6xy + 2x%y)dy = 0

dy

oy 1=y - 1P

In Problems 3140, solve the initial value problem.

31.

32.

33.

34.
35.
36.
37.
38.

39.

40.
41.

3 =ydx+xdy=0, yl)=3
dy _(x ¥ _
Do(E+). =
(t+x+3)dt +dx=0, x(0) =1

d 2

dfi—?y=x2c0sx, y(m) =2

(2y* + 4x?)dx — xydy = 0, y(1) = -2
[2 cos(2x + y) — x*]dx

+[cos(2x + y) + e’]dy =0, y(1)=0

(2x —y)dx + (x +y —3)dy =0, y(0) =2
Vyde + (2 +4)dy=0, y(0)=4

dy 2y _

ax x F Y (1) =3

dy 2 _
A=t y(0)= 4

Express the solution to the following initial value
problem using a definite integral:

dy _ 1
a1+ ¢

-y, y2)=3.

Then use your expression and numerical integration
to estimate y(3) to four decimal places.
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TECHNICAL WRITING EXERCISES

1. An instructor at Ivey U. asserted: “All you need to
know about first-order differential equations is how
to solve those that are exact.” Give arguments that
support and arguments that refute the instructor’s
claim.

2. What properties do solutions to linear equations
have that are not shared by solutions to either sepa-
rable or exact equations? Give some specific exam-
ples to support your conclusions.

Chapter 2 First-Order Differential Equations

. Consider the differential equation

dy

— =ay+ be ", 0)=c,

@ »(0)

where a, b, and ¢ are constants. Describe what hap-
pens to the asymptotic behavior as x — +oo of the
solution when the constants a, b, and ¢ are varied.
Illustrate with figures and/or graphs.



Group Projects for Chapter 2

A Oil Spill in a Canal

In 1973 an oil barge collided with a bridge in the Mississippi River, leaking oil into the water at a
rate estimated at 50 gallons per minute. In 1989 the Exxon Valdez spilled an estimated
11,000,000 gallons of oil into Prudhoe Bay in 6 hours', and in 2010 the Deepwater Horizon well
leaked into the Gulf of Mexico at a rate estimated to be 15,000 barrels per day'™ (1 barrel =
42 gallons). In this project you are going to use differential equations to analyze a simplified
model of the dissipation of heavy crude oil spilled at a rate of S ft*/sec into a flowing body of
water. The flow region is a canal, namely a straight channel of rectangular cross section, w feet
wide by d feet deep, having a constant flow rate of v ft/sec; the oil is presumed to float in a thin
layer of thickness s (feet) on top of the water, without mixing.

In Figure 2.12, the oil that passes through the cross-section window in a short time A¢ occu-
pies a box of dimensions s by w by vAz. To make the analysis easier, presume that the canal is
conceptually partitioned into cells of length L ft. each, and that within each particular cell the oil
instantaneously disperses and forms a uniform layer of thickness s;(¢) in cell i (cell 1 starts at the
point of the spill). So, at time ¢, the ith cell contains s;(f)wL ft* of oil. Oil flows out of cell i at a
rate equal to s;(f)wv ft*/sec, and it flows into cell i at the rate s;_;(¢)wv; it flows into the first cell
at S ft*/sec.

Figure 2.12 Oil leak in a canal.

TCutler J. Cleveland (Lead Author); C Michael Hogan and Peter Saundry (Topic Editor). 2010. “Deepwater Horizon
oil spill.” In: Encyclopedia of Earth, ed. Cutler J. Cleveland (Washington, D.C.: Environmental Information Coalition,
National Council for Science and the Environment).

*'Cutler J. Cleveland (Contributing Author); National Oceanic and Atmospheric Administration (Content source);
Peter Saundry (Topic Editor). 2010. “Exxon Valdez oil spill.” In: Encyclopedia of Earth, ed. Cutler J. Cleveland
(Washington, D.C.: Environmental Information Coalition, National Council for Science and the Environment).
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(a) Formulate a system of differential equations and initial conditions for the oil thickness
in the first three cells. Take S = 50 gallons/min, which was roughly the spillage rate for
the Mississippi River incident, and take w = 200 ft, d = 25 ft, and v = 1 mi/hr (which
are reasonable estimates for the Mississippi River"). Take L = 1000 ft.

(b) Solve for s,(f). [Caution: Make sure your units are consistent.]

(¢) If the spillage lasts for T seconds, what is the maximum oil layer thickness in cell 1?

(d) Solve for s,(r). What is the maximum oil layer thickness in cell 2?

(e) Probably the least tenable simplification in this analysis lies in regarding the layer
thickness as uniform over distances of length L. Reevaluate your answer to part (¢) with
L reduced to 500 ft. By what fraction does the answer change?

B Differential Equations in Clinical Medicine

Courtesy of Philip Crooke, Vanderbilt University

In medicine, mechanical ventilation is a procedure that assists or replaces spontaneous breath-
ing for critically ill patients, using a medical device called a ventilator. Some people attribute the
first mechanical ventilation to Andreas Vesalius in 1555. Negative pressure ventilators (iron
lungs) came into use in the 1940s—1950s in response to poliomyelitis (polio) epidemics. Philip
Drinker and Louis Shaw are credited with its invention. Modern ventilators use positive pressure
to inflate the lungs of the patient. In the ICU (intensive care unit), common indications for the ini-
tiation of mechanical ventilation are acute respiratory failure, acute exacerbation of chronic
obstructive pulmonary disease, coma, and neuromuscular disorders. The goals of mechanical
ventilation are to provide oxygen to the lungs and to remove carbon dioxide.

In this project, we model the mechanical process performed by the ventilator. We make the
following assumptions about this process of filling the lungs with air and then letting them deflate
to some rest volume (see Figure 2.13).

(i)  The length (in seconds) of each breath is fixed (7, ) and is set by the clinician, with
each breath being identical to the previous breath.

(ii) Each breath is divided into two parts: inspiration (air flowing into the patient) and
expiration (air flowing out of the patient). We assume that inspiration takes place over
the interval [0, #;] and expiration over the time interval [#;, . ]. The time ¢, is called the
inspiratory time.

Pypp during
inspiration
airway-resistance
pressure drop, P,

lung elastic

pressure, P,,
and residual
pressure, Pey

Figure 2.13 Lung ventilation pressures

http://www.nps.gov/miss/riverfacts.htm
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(iii) During inspiration the ventilator applies a constant pressure Py, to the patient’s air-
way, and during expiration this pressure is zero, relative to atmospheric pressure. This
is called pressure-controlled ventilation.

(iv) We assume that the pulmonary system (lung) is modeled by a single compartment.
Hence, the action of the ventilator is similar to inflating a balloon and then releasing
the pressure.

(v) Atthe airway there is a pressure balance:

(1) P+ Pt Py =Py,

where P, denotes pressure losses due to resistance to flow into and out of the lung, P, is
the elastic pressure due to changes in volume of the lung, P, is a residual pressure that
remains in the lung at the completion of a breath, and P,,, denotes the pressure applied to
the airway. (P, = Py, during inspiration and P,,, = 0 during expiration.) The residual
pressure P, is called the end-expiratory pressure.

(vi) Let V() denote the volume of the lung at time 7, with V;(7), 0 = t = t,, denoting its
volume during inspiration and V,(¢), #; = t =< 1, its volume during expiration. We
assume that V;(0) = V,(t,,) = 0. The number V;(1;) = V is called the tidal volume of
the breath.

(vii) We assume that the resistive pressure P, is proportional to the flows into and out of the
lung such that P, = R(dV/dt), and we assume that the proportionality constant R is
the same for inspiration and expiration.

(viii) Furthermore, we assume that the elastic pressure is proportional to the instantaneous
volume of the lung. That is, P, = (1/C)V, where the constant C is called the compliance
of the lung.

Using the pressure equation in (1) together with the above assumptions, a mathematical
model for the instantaneous volume in the single compartment lung is given by the following pair
of first-order linear differential equations:

2 RY) + (L)v, 4 Py =p 0=1=
() dt C i ex — lapp » =r=4,

3 R(Ye) + (L)v,+ po=0 =r=
() dt C e ex s =SSl

The initial conditions, as indicated in assumption (vi), are V;(0) = 0 and V,(t;) = V;(t;,) = V.
The constant P, is not known a priori but is determined from the end condition on the expiratory
volume: V, () = 0. This will make each breath identical to the previous breath. To obtain a for-
mula for P, complete the following steps.

(a) Solve equation (2) for V;(¢) with the initial condition V;(0) = 0.
(b) Solve equation (3) for V,(f) with the initial condition V,(#;) = V;
(¢) Using the fact that V,(t;) = V7, show that

JRC _
(e" 1) Pypp

P. =
e ola/RC _

m (d) For R = 10 cm (H,O)/L/sec, C = 0.02 L/cm (H,0), Pypp = 20 cm (H,0), 1; = 1 sec and
tot = 3 sec, plot the graphs of V;(¢) and V,(¢) over the interval [0, #,,]. Compute P, for
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(e)

these parameters.
The mean alveolar pressure is the average pressure in the lung during inspiration and is
given by the formula

1 [ Vi@
P’"_t,» L( C >dt+PeX.,

Compute this quantity using your expression for V;() in part (a).

C

Torricelli's Law of Fluid Flow

Courtesy of Randall K. Campbell-Wright

How long does it take for water to drain through a hole in the bottom of a tank? Consider the tank
pictured in Figure 2.14, which drains through a small, round hole. Torricelli’s law" states that
when the surface of the water is at a height &, the water drains with the velocity it would have if it
fell freely from a height / (ignoring various forms of friction).

(a)

(b)

(c)

Show that the standard gravity differential equation
d’h _
dr*
leads to the conclusion that an object that falls from a height /(0) will land with a velocity
of —\/2gh(0).
Let A(h) be the cross-sectional area of the water in the tank at height 4 and a the area of
the drain hole. The rate at which water is flowing out of the tank at time 7 can be
expressed as the cross-sectional area at height 4 times the rate at which the height of the
water is changing. Alternatively, the rate at which water flows out of the hole can be
expressed as the area of the hole times the velocity of the draining water. Set these two
equal to each other and insert Torricelli’s law to derive the differential equation
4) A(h)% = —aV2gh .
The conical tank of Figure 2.14 has a radius of 30 cm when it is filled to an initial depth
of 50 cm. A small round hole at the bottom has a diameter of 1 cm. Determine A (/) and
a and then solve the differential equation in (4), thus deriving a formula relating time
and the height of the water in this tank.

—§

50 cm Ah)

Figure 2.14 Conical tank

"Historical Footnote: Evangelista Torricelli (1608—1647) invented the barometer and worked on computing the value
of the acceleration of gravity as well as observing this principle of fluid flow.
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(d) Use your solution to (c) to predict how long it will take for the tank to drain entirely.

(e¢) Which would drain faster, the tank pictured or an upside-down conical tank of the same
dimensions draining through a hole of the same size (1-cm diameter)? How long would
it take to drain the upside-down tank?

(f) Find a water tank and time how long it takes to drain. (You may be able to borrow a
“separatory funnel” from your chemistry department or use a large water cooler.) The
tank should be large enough to take several minutes to drain, and the drain hole should
be large enough to allow water to flow freely. The top of the tank should be open (so
that the water will not “glug”). Repeat steps (c) and (d) for your tank and compare the
prediction of Torricelli’s law to your experimental results.

D The Snowplow Problem

To apply the techniques discussed in this chapter to real-world problems, it is necessary to trans-
late these problems into questions that can be answered mathematically. The process of reformu-
lating a real-world problem as a mathematical one often requires making certain simplifying
assumptions. To illustrate this, consider the following snowplow problem:

One morning it began to snow very hard and continued snowing steadily throughout the
day. A snowplow set out at 9:00 A.M. to clear a road, clearing 2 mi by 11:00 A.M. and an
additional mile by 1:00 p.M. At what time did it start snowing?

To solve this problem, you can make two physical assumptions concerning the rate at which
it is snowing and the rate at which the snowplow can clear the road. Because it is snowing
steadily, it is reasonable to assume it is snowing at a constant rate. From the data given (and from
our experience), the deeper the snow, the slower the snowplow moves. With this in mind, assume
that the rate (in mph) at which a snowplow can clear a road is inversely proportional to the depth
of the snow.

E Two Snowplows

Courtesy of Alar Toomre, Massachusetts Institute of Technology

One day it began to snow exactly at noon at a heavy and steady rate. A snowplow left its garage at
1:00 p.M., and another one followed in its tracks at 2:00 p.M. (see Figure 2.15 on page 84).

(a) At what time did the second snowplow crash into the first? To answer this question,
assume as in Project D that the rate (in mph) at which a snowplow can clear the road is
inversely proportional to the depth of the snow (and hence to the time elapsed since the
road was clear of snow). [Hint: Begin by writing differential equations for x(7) and y(¢),
the distances traveled by the first and second snowplows, respectively, at ¢ hours past
noon. To solve the differential equation involving y, let ¢ rather than y be the dependent
variable!]

(b) Could the crash have been avoided by dispatching the second snowplow at 3:00 P.M.
instead?
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I I =ra

0 (1) x(1) Miles from garage

Figure 2.15 Method of successive snowplows

F Clairaut Equations and Singular Solutions
An equation of the form

d
) y=xg +fly/ax)

where the continuously differentiable function f(7) is evaluated at t = dy/dx, is called a Clairaut

equation.’ Interest in these equations is due to the fact that (5) has a one-parameter family of

solutions that consist of straight lines. Further, the envelope of this family—that is, the curve whose

tangent lines are given by the family—is also a solution to (5) and is called the singular solution.
To solve a Clairaut equation:

(a) Differentiate equation (5) with respect to x and simplify to show that

d

a2
7)2) =0, where f(1)= Ef(t) .

(6) [x + f'(dy/dx)] y

(b) From (6), conclude that dy/dx = c or f'(dy/dx) = —x. Assume that dy/dx = ¢ and
substitute back into (5) to obtain the family of straight-line solutions

y=cx+flc) .

(¢) Show that another solution to (5) is given parametrically by
x=—fp).
y=flp) = pf'(p) .

where the parameter p = dy/dx. This solution is the singular solution.
(d) Use the above method to find the family of straight-line solutions and the singular solu-
tion to the equation

(4 dy\?
y—x(dx>+2<dx> .

Here f(r) = 2¢%. Sketch several of the straight-line solutions along with the singular
solution on the same coordinate system. Observe that the straight-line solutions are all
tangent to the singular solution.

(e) Repeat part (d) for the equation

x(dyldx)® — y(dyldx)> + 2 =0 .

Historical Footnote: These equations were studied by Alexis Clairaut in 1734.
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G Multiple Solutions of a First-Order Initial
Value Problem

Courtesy of Bruce W. Atkinson, Samford University

The initial value problem (IVP),

dy
@ =¥, (@) =0,

which was discussed in Example 9 and Problem 29 of Section 1.2, is an example of an IVP that
has more than one solution. The goal of this project is to find all the solutions to (7) on
(—00, +00). It turns out that there are infinitely many! These solutions can be obtained by con-
catenating the three functions (x — a)’ for x < a, the constant O fora < x < b, and (x — b)> for
x > b, where a = 2 = b, as can be seen by completing the following steps:

3 that is not

(a) Show thatif y = f(x) is a solution to the differential equation dy/dx = 3y
zero on an open interval 7, then on this interval f(x) must be of the form
fx)=x-— ¢)’ for some constant ¢ not in 1.

(b) Prove that if y = f(x) is a solution to the differential equation dy/dx = 3y** on
(—o0, +00) and f(a) = f(b) = 0, where a < b, then f(x) = 0 fora = x = b. [Hint:
Consider the sign of f'.]

(c) Now let y = g(x) be a solution to the IVP (7) on (—oo, +00). Of course g(2) = 0. If g
vanishes at some point x > 2, then let b be the largest of such points; otherwise, set
b = 2. Similarly, if g vanishes at some point x < 2, then let a be the smallest (furthest
to the left) of such points; otherwise, set a = 2. Here we allow b = + oo and a = —o0.
(Because g is a continuous function, it can be proved that there always exist such largest
and smallest points.) Using the results of parts (a) and (b) prove that if both a and b are
finite, then g has the following form:

(x — a)’ ifx=a
glx) =140 ifa<x=<b.
(x— b} ifx>0b

What is the form of gif b = +00? Ifa = —0c0? Ifbothb = +ocoanda = —o0?

(d) Verify directly that the above concatenated function g is indeed a solution to the IVP (7)
for all choices of a and b with a = 2 = b. Also sketch the graph of several of the solu-
tion function g in part (c) for various values of a and b, including infinite values.

We have analyzed here a first-order IVP that not only fails to have a unique solution but has a
solution set consisting of a doubly infinite family of functions (with a and b as the two parameters).

H Utility Functions and Risk Aversion

Courtesy of James E. Foster, George Washington University

Would you rather have $5 with certainty or a gamble involving a 50% chance of receiving $1 and
a 50% chance of receiving $11? The gamble has a higher expected value ($6); however, it also
has a greater level of risk. Economists model the behavior of consumers or other agents facing
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risky decisions with the help of a (von Neumann—Morgenstern) utility function « and the criterion
of expected utility.

Rather than using expected values of the dollar payoffs, the payoffs are first transformed into
utility levels and then weighted by probabilities to obtain expected utility. Following the sugges-
tion of Daniel Bernoulli, we might set #(x) = In x and then compare In 5 = 0.8047 to [0.5In 1 +
0.51n 11] = 0.1969, which would result in the sure thing being chosen in this case rather than the
gamble. This utility function is strictly concave, which corresponds to the agent being risk averse,
or wanting to avoid gambles (unless of course the extra risk is sufficiently compensated by a high
enough increase in the mean or expected payoff).

Alternatively, the utility function might be u(x) = x?, which is strictly convex and corre-
sponds to the agent being risk loving. This agent would surely select the above gamble. The case
of u(x) = x occurs when the agent is risk neutral and would select according to the expected
value of the payoff. It is normally assumed that u'(x) > 0 at all payoff levels, x; in other words,
higher payoffs are desirable.

In addition to knowing if an agent is risk averse or risk loving, economists are often inter-
ested in knowing how risk averse (or risk loving) an agent is. Clearly this has something to do
with the second derivative of the utility function. The measure of relative risk aversion of an
agent with utility function u(x) and payoff x is defined as r(x) = —u”(x)x/u’(x). Normally, r(x) is
a function of the payoff level. However, economists often find it convenient to restrict considera-
tion to utility functions for which r(x) is constant, say, r(x) = s for all x. It is easily shown that
each of u(x) = In x, u(x) = x2, and u(x) = x exhibits constant relative risk aversion (with levels
s = 1,5 = —1,and s = 0, respectively). A question naturally a